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Abstract. We give a necessary and sufficient geometric structural condition, which we caU the a- 
Structural Hypothesis, for a stable codimension 1 integral varifold on a smooth Riemannian manifold 
to correspond to an embedded smooth hypersurface away from a small set of generally unavoidable 
singularities. The a-Structural Hypothesis says that no point of the support of the varifold has a 
neighborhood in which the support is the union of 3 or more embedded C^'" hypersurfaces-with- 
boundary meeting (only) along their common boundary. Whenever a stable integral n-varifold on 
a smooth (n + l)-dimensional Riemannian manifold satisfies the a-Structural Hypothesis for some 
a G (0, 1/2), its singular set is empty if n < 6, discrete if n = 7 and has HausdorfT dimension < n — 7 
if n > 8; in view of well known examples, this is the best possible general dimension estimate on the 
singular set of a varifold satisfying our hypotheses. We also establish compactness of mass-bounded 
subsets of stable codimension 1 integral varifolds satisfying the a-Structural Hypothesis for some 
a £ (0, 1/2). No initial smallness assumption on the singular set is necessary for these conclusions. 

Our theory immediately implies the following: If the singular set of an n-dimensional stable 
minimal hypersurface with no removable singularities has vanishing (n — l)-dimensional Hausdorff 
measure, then the singular set is empty if n < 6, discrete if n = 7 and has Hausdorff dimension 
< n — 7 if n > 8. This settles the long standing question, left open by the Schoen-Simon 
Regularity Theory [SS81], as to which weakest size hypothesis on the singular set of a stable 
minimal hypersurface guarantees the validity of the above conclusions. 

An optimal strong maximum principle for stationary codimension 1 integral varifolds follows 
from these results. 
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1. Introduction 

Here we study regularity properties of stable critical points of the n-dimensional area functional 
in a smooth (n+ l)-dimensional Riemannian manifold, addressing, among a number of other things, 

the following basic question: 

When is a stable critical point V of the n- dimensional area in a smooth (n + 1)- dimensional 
Riemannian manifold made-up of pairwise disjoint, smooth, embedded, connected hypersurfaces 
each of which is itself a critical point of area? 

Without further hypothesis, V need not satisfy the stated property; this is illustrated by (a 
sufficiently small region of) any stationary union of three or more hypersurfaces-with-boundary 
meeting along a common (n — l)-dimensional submanifold (e.g. a pair of transverse hyperplanes in 
a Euclidean space). In each of these examples, the connected components of the regular part of the 
union are not individually critical points of area (in the sense of having vanishing first variation 
with respect to area for deformations by compactly supported smooth vector fields of the ambient 
space; see precise definition below). 

We give a fairly optimal answer to the above question by establishing a precise version (given as 
Corollary 1 below) of the following assertion: 

Presence of a region of V where three or more hypersurfaces-with-boundary meet along their 
common boundary is the only obstruction for V to correspond to a locally finite union of pairwise 
disjoint, smooth, embedded, connected hypersurfaces each of which is itself a critical point of area. 

This follows directly from our main theorem here (the Regularity and Compactness Theorem 
below) which establishes a precise version of the following regularity statement: 

Presence of a region of V where three or more hypersurfaces-with-boundary meet along their 

common boundary is the only obstruction to complete regularity of V in low dimensions, and to 
regularity of V away from a small, quantifiable, set of generally unavoidable singularities in general 
dimensions. 

In proving these results, we shall first work in the context where the ambient manifold is an 
open subset of R""^^ with the Euclidean metric. The differences that arise in the proof in replacing 
Euclidean ambient space by a general smooth (n+ l)-dimcnsional Riemannian manifold amount to 
"error terms" in various identities and inequalities that are valid in the Euclidean setting, and can 
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be handled in a straightforward manner. We shall discuss this further in the penultimate section 
of the paper. 

Here, a critical point of the n- dimensional area means a stationary integral n-varifold; i.e. an 
integral n-varifold having zero first variation with respect to area under deformation by the flow 
generated by any smooth, compactly supported vector field of the ambient space. A stationary 
integral varifold V is stable if its regular part reg V (the smooth, embedded part of V — see precise 
definition in Section 2) is stable in the sense that regF satisfies the stability inequality. In our 
codimension 1 setting, the stability inequality (for Euclidean ambient space) takes the useful form 
that 



where A denotes the second fundamental form of reg V , \ A\ the length of A, V the gradient operator 
on regF and the n-dimensional Hausdorff measure on R""*"-*^. Whenever vegV is orientable, 
stability of a stationary integral varifold V is equivalent (see [Sim83], Section 9) to non-negativity 
of second variation of V with respect to area under deformation by the flow generated by any 
smooth vector field which is compactly supported away from the singular set smgV (the part of 
V not in reg V — see precise definition in Section 2) and which, on reg F, is normal to reg V. By a 
stable integral n-varifold we mean a stable, stationary integral n-varifold. 

For a G (0, 1) and V a codimension 1 integral varifold on a smooth Riemannian manifold, we 
state the following condition which we shall refer to often throughout the rest of the introduction: 

a-STRUCTURAL HYPOTHESIS. No singular point ofV has a neighborhood in which V corresponds to 
a union of embedded C^'" hypersurfaces-with-boundary meeting (only) along their common boundary 
(and with multiplicity a constant positive integer on each of the constituent hypersurfaces-with- 
boundary). 

Our main theorem (Theorem 18.1; for Euclidean ambient space. Theorem 3.1) can now be stated 
as follows: 

Regularity and Compactness Theorem. A stable integral n-varifold V on a smooth (n + 1)- 
dimensional Riemannian manifold corresponds to an embedded hypersurface with no singularities 
when 1 < n < 6; to one with at most a discrete set of singularities when n = 7; and to one 
with a closed set of singularities having Hausdorff dimension at most n — 7 when n > 8, (and 
with multiplicity, in each case, a constant positive integer on each connected component of the 
hypersurface), provided V satisfies the a-Structural Hypothesis above for some a G (0, 1/2). 

Furthermore, for any given a G (0,1/2), each mass-bounded subset of the class of stable codi- 
mension 1 integral varifolds satisfying the a- Structural Hypothesis is compact in the topology of 
varifold convergence. 

Once we know that the singular set is sufficiently small — in fact, as small as having vanishing 
(n — l)-dimensional Hausdorff measure — it is not difficult to check that the multiplicity 1 varifold 
associated with each connected component of the regular part of a stationary integral varifold is 
itself stationary. Thus we deduce from the Regularity and Compactness Theorem the following: 

Corollary 1. The a-Structural Hypothesis (see above) for some a £ (0,1/2) is necessary and 
sufficient for a stable codimension 1 integral varifold V on a smooth Riemannian manifold N to 
have the following "local decomposability property": 
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For each open d N with compact closure in N , there exist a finite number of pairwise disjoint, 
smooth, embedded, connected hypersurfaces Mi, M2, . . . , Mk of 17 (possibly with a non-empty inte- 
rior singular set sing Mj = (Mj\Mj)nO for each j = 1,2, . . . , k) and positive integers qi, q2, qk 
such that the multiplicity 1 varifold \Mj\ defined by Mj is stationary in for each j = 1,2, . . . , k 
and V\_n = T.j=iQj\Mj\. 

In 1981, R. Schoen and L. Simon ([SS81]) proved that the conclusions of the Regularity and 

Compactness Theorem hold for the n-dimensional stable minimal hypersurfaces (viz. embedded 
hypersurfaces which are stationary and stable as multiplicity 1 varifolds) satisfying, in place of the 
a-Structural Hypothesis, the property that the singular sets have locally finite (n — 2)-dimensional 
Hausdorff measure. Since then, it has remained an open question as to what the weakest size 
hypothesis (in terms of Hausdorff measure) on the singular sets is that would guarantee the validity 
of the same conclusions. Since vanishing of the (n— l)-dimensional Hausdorff measure of the singular 
sets trivially implies the a-Structural Hypothesis, we have the following immediate corollary of the 
Regularity and Compactness Theorem, which settles this question: 

Corollary 2. The conclusions of the Regularity and Compactness Theorem hold for the n- 
dimensional stable minimal hypersurfaces with singular sets of vanishing {n— 1)- dimensional Haus- 
dorff measure. In fact, a stable codimension 1 integral n-varifold V satisfies the a-Structural Hy- 
pothesis for some a G (0,1/2) if and only if its singular set has vanishing {n — 1)- dimensional 
Hausdorff measure. 

A union of two transversely intersecting hyperplanes shows that for no 7 > can the singular 
set hypothesis in Corollary 2 be weakened to vanishing of the (n — 1 + 7)-dimensional Hausdorff 
measure. 

In contrast to our a-Structural Hypothesis, the singular set hypothesis of [SS81], together with 

stability away from the singular set, a priori implies, by a straightforward argument, that the 
singularities are "removable for the stability inequality" — that is to say, the stability inequality 
is valid for the larger class of test functions ( which are the restrictions to the hypersurface of 
compactly supported smooth functions of the ambient space (that are not reqiiircd to vanish near 
the singular set). The techniques employed in [SS81] in the proof of the regularity theorems therein 
relied on this fact in an essential way. Interestingly, the a-Structural Hypothesis, or, for that 
matter, vanishing of the (n — l)-dimensional Hausdorff measure of the singular set, does not seem 
to imply a priori even local finiteness of total curvature, viz. f^^ v nA' 1"^!^ °° each compact 
subset K of the ambient space (whereas the singular set hypothesis of [SS81] does, in view of 
the strengthening of the stability inequality just mentioned). This means that we cannot in our 
proof use the stability inequality in a direct way over arbitrary regions of the varifolds. (Of course a 
posteriori wc can strengthen the stability inequality in the manner described above, so in particular 
it is true under our hypotheses that /j-ggyp,^ < 00 for each compact subset K of the ambient 
space.) Our proof nevertheless at several stages makes indispensable use of the work of Schoen 
and Simon, specifically. Theorem 3.4 below; indeed, application of Theorem 3.4 in regions where 
we have sufficient control over the singular set is a principal way in which the stability hypothesis 
enters our proof. 

The Regularity and Compactness Theorem is optimal in several ways. A key aspect of the 
theorem is that it requires no hypothesis concerning the size of the singular sets; nor does it require 

any hypothesis concerning the generally-difficult-to-control set of points where some tangent cone 
is a plane of multiplicity 2 or higher. What suffices is the easier-to-check a-Structural Hypothesis. 
As mentioned before, stationary unions of half-hyperplanes meeting along common axes, such as 
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pairs of transverse hyperplanes or a union of three half-hyperplanes meeting at 120" angles along 
a common axis, illustrate that a condition such as the cc-Structural Hypothesis is needed. 

For a general stationary integral varifold, a point where some tangent cone is a plane of multiplic- 
ity 2 or higher may or may not be a regular point. The "Sheeting Theorem" (Theorem 3.2 below) 
implies that if the varifold satisfies the hypotheses of the Regularity and Compactness Theorem, 
then such a point is a regular point. (As is well known, a point where there is a multiplicity 1 tan- 
gent plane is always a regular point, for any stationary integral varifold, by the regularity theorem 
of W. K. Allard ([[A1172], Section 8]; also [[Sim83], Theorem 23.1])). Indeed, the Sheeting Theorem 
is one of the two principal ingredients of the proof of the Regularity and Compactness Theorem; the 
other is the "Minimum Distance Theorem" (Theorem 3.3) which implies that no tangent cone to a 
varifold satisfying the hypotheses of the Regularity and Compactness Theorem can be supported 
by a union of three or more half-hyperplanes meeting along a common (n — l)-dimcnsionaI axis. 

In view of well known examples of 7-dimensional stable hypercones with isolated singularities 
(e.g. the cone over S^(l/\/2) x S^(l/\/2) C R^), the Regularity and Compactness Theorem is also 
optimal with regard to its conclusions in the sense that it gives, in dimensions > 7, the optimal 
general estimate on the Hausdorff dimension of the singular sets. 

It remains an open question as to what one can say about the size of the singular sets if the 
stability hypothesis in the theorem is removed. Obviously one cannot in this case make the same 
conclusions in view of the fact that there are embedded non-equatorial minimal surfaces of 
(e.g. S^(l/-\/2) X S^(l/\/2) C S^), the cones over which provide examples of stationary (unstable) 
hypercones in with isolated singularities. There arc no 2-dimcnsional singular stationary hyper- 
cones satisfying the a-Structural Hypothesis; it is however not known whether there is a singular 
2-dimensional stationary integral varifold V in R^ such that V either satisfies the a-Structural 
Hypothesis or has a singular set of vanishing 1-dimensional Hausdorff measure or has an isolated 
singularity. It also remains largely open what one can say concerning stable integral varifolds of 
codimension > 1. Again, the same conclusions as in our theorem cannot be made in this case due 
to the presence of branch point singularities, as illustrated by 2-dimensional holomorphic varieties 
with isolated branch points. See the remark following the statement of the Regularity and Com- 
pactness Theorem in Section 3 (Theorem 3.1) for a further discussion on optimality of our results 
here. 

A direct consequence of Allard's regularity theorem is that the regular part of a stationary 
integral varifold is a non-empty — in fact a dense — subset of its support [[A1172], Section 8.1]. Thus, 
given stationarity of the varifold, our stability hypothesis, which concerns only the regular part 
of the varifold, is never vacuously true. However, an open, dense subset could have arbitrarily 
small (positive) measure, and in fact, as mentioned above, under the stationarity hypothesis alone 
no general result whatsoever is known concerning the Hausdorff measure of the singular sets. 
Closely related to this is the point made before that from the hypotheses of the Regularity and 
Compactness Theorem, not even local finiteness of total curvature seems to follow a priori. In 
light of these considerations which indicate that our hypotheses are rather mild, it is somewhat 
surprising that they imply the optimal regularity of the hypersurfaces. 

We may summarise as follows all of the various regularity results discussed above: 

Theorem. Let V be a stable integral n-varifold on a smooth (n -|- 1)- dimensional Riemannian 

manifold N. The following statements are equivalent: 

(a) For some a G (0,1/2), V satisfies the a-Structural Hypothesis, viz. no singular point of 
V has a neighborhood in which V corresponds to a union of C^'" embedded hypersurfaces- 
with-boundary meeting (only) along their common boundary, with multiplicity a constant 
positive integer on each constituent hyper surf ace-with-boundary. 



6 



NESHAN WICKRAMASEKERA 



(b) sing V = $ifl<n<6, sing V is discrete ifn = 7 and ^"'"'^ (sing V) = for each 7 > 
ifn>8. 

(c) (sing V) = 0. 

(d) V has the local decomposability property (defined in Corollary 1 above), viz. for each open 
Q C N with compact closure in N, there exist a finite number of pairwise disjoint, smooth, 
embedded, connected hypersurfaces Mi, M2, ■ ■ ■ , Mj. ofQ, (possibly with {Mj \ Mj) PI O non- 
empty for each j = 1,2, ... ,k) and positive integers qi,q2, . . . ,qk such that the multiplicity 
1 varifold \Mj\ defined by Mj is stationary in $7 for each j = l,2,...,k and V\ O, = 

(e) No tangent cone of V corresponds to a union of three or more half-hyperplanes meeting 
along a common {n— 1)- dimensional subspace, with multiplicity a constant positive integer 
on each constituent half-hyperplane. 

(f) V satisfies the a-Structural Hypothesis for each a G (0, 1/2). 

Finally, we mention another direct implication of the Regularity and Compactness Theorem, 
namely, the following optimal strong maximum principle (Theorem 19.1) for codimension 1 sta- 
tionary integral varifolds: 

Varifold Maximum principle. Let N be a smooth (n + 1)- dimensional Riemannian manifold. 

(a) // Vi, V2 are stationary integral n-varifolds on N such that 7i'^~^ (spt || Vi|| n spt IIV2II) = 0, 

then spt n spt ||V2|| = 0. 

(b) Let 0,1, ^2 be open subsets of N such that fli C o-nd let Mi = dQ,i for i = 1,2. // 
for i = 1,2, Mi is connected, TC'^~^ (singMj) = and |Mj| is stationary in N, then either 
Ml = M2 or Ml n M2 = 0. Here singMj = Mj \ regMj where regMj is the set of points 
X G Mi such that Mi is a smooth, embedded submanifold near X. 

Sec Section 2 for explanation of notation used here. T. Ilmanen ([Ilm96]) proved this theorem 
assuming the stronger conditions 7{"'~^ (spt ||¥l|| fl spt IIV2II) < 00 in (a) and W""^ (singMj) < 00, 
i = 1,2, in (b). The version above follows directly from the argument in [Ilm96], in view of the 
fact that we may use Corollary 2 above in places where the argument in [Ilm96] depended on the 
Schoen-Simon theory. This version is optimal in the sense that neither a larger intersection in (a) 
nor larger singular sets in (b) can generally be allowed. 

We now give a brief description of the proof of the Regularity and Compactness Theorem: 

Fix any a G (0, 1) and let Sa denote the family of stable integral n-varifolds of the open ball 
B2'^^{0) C R""*"^ satisfying the a-Structural Hypothesis. The proof of the Regularity and Com- 
pactness Theorem is based on establishing the fact that no tangent cone at a singular point of a 
varifold belonging to the varifold closure of Sa can be supported by (a) a hyperplane or (b) a union 
of half-hyperplanes meeting along an (n — 1) -dimensional subspace. 

The assertion in case (a) follows from our Sheeting Theorem (Theorem 3.2), which says the 
following: 

Whenever a varifold in Sa is weakly close to a given hyperplane Pq of constant positive integer 
multiplicity, it must break up in the interior into disjoint, embedded smooth graphs ("sheets") of 
small curvature over Pq. 

The assertion in case (b) is a consequence of the Minimum Distance Theorem (Theorem 3.3), 
which says the following: 

No varifold in Sa can be weakly close to a given stationary integral hypercone Co corresponding 
to a union of three or more half-hyperplanes meeting along an (n — 1)- dimensional subspace (with 
constant positive integer multiplicity on each half-hyperplane). 
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Our strategy is to prove both these theorems simultaneously by an inductive argument, inducting 
on the multiplicity q of Pq for the Sheeting Theorem and on the density ( 1 1 Co 1 1 , 0) {= q oi q + 1/2) 
of Co at the origin for the Minimum Distance Theorem, where q is an integer > 1. 

The main general idea in the argument is the following: Let q be an integer > 2 and assume 
by induction the validity of the Sheeting Theorem when Pq has multiplicity G{l,...,q — 1} and 
of the Minimum Distance Theorem when O (||Co||, 0) G {3/2, . . . ,q — 1/2, q}. Then, in a region of 
a varifold in Sa where no singular point has density > g, we may apply the induction hypotheses 
together with a theorem of J. Simons ([SJ68]; see also [Sim83], Appendix B) and the "generalized 
stratification of stationary integral varifolds" due to F. J. Almgren Jr. ([Alm83], Theorem 2.26 and 
Remark 2.28) to reduce the dimension of the singular set to a low value. This permits effective usage 
of the stability hypothesis, including applicability of the Schocn-Simon version ([SS81], Theorem 
2; also Theorem 3.4 below) of the Sheeting Theorem, in such a region. On the other hand, in 
the presence of singularities of density > q (and whenever the density ratio of the varifold at 
scale 1 is close to q), it is possible to make good use of the monotonicity formula; most notable 
among its consequences in the present context are versions (Theorem 10.1 and Corollary 10.2), for 
a varifold in Sa with small "height excess" relative to a hyperplane and lower order height excess 
relative to certain cones, of L. Simon's ([Sim93]) a priori L^-estimates, and an analogous, new, 
"non-concentration-of-tilt-excess" estimate (Theorem 6.1(b)) giving control of the amount of its 
"tilt-excess" relative to the hyperplane in regions where there is a high concentration of points of 
density > q. 

Combining these techniques, we are able to fully analyse, under the induction hypotheses, the 
"coarse blow-ups," namely, the compact class Bq C W^^^ (i?i;R'^) n (5i;R^) {Bi = the open 
unit ball in R"^) consisting of ordered g-tuples of functions produced by blowing up sequences of 
varifolds in Sa converging weakly to a multiplicity q hyperplane. (See precise definition of Bq at 
the end of Section 5.) One of the key properties that need to be established for Bq is that it does 
not contain an element H whose graph is the union of q half-hyperplanes in one half-space of R"+^ 
and q half-hyperplanes in the complementary half-space, with all half-hyperplanes meeting along a 
common (n — l)-dimensional subspace and at least two of them distinct on one side or the other. 
(This is a Minimum Distance Theorem for Bq, analogous to the Minimum Distance Theorem for 
Sa-) Establishing this property takes considerable effort and occupies a significant part (Sections 9 
through 14) of our work, and is achieved as follows: 

First we rule out (in Section 9), by a first variation argument utilizing the non-concentration- 
of-tilt-excess estimate of Theorem 6.1(b), the possibility that there is such H ^ Bq with its graph 
having all q half-hyperplanes on one side coinciding (but not on the other). 

The second, more involved step is to rule out the existence of such an element in Bq (call it H') 
with its graph having at least two distinct half-hyperplanes on each side. To this end we assume, 
arguing by contradiction, that there is such H' G Bq and use the induction hypotheses to implement 
a "fine blow-up" procedure (see definition at the end of Section 11), where certain sequences of 
varifolds in Sa are blown-up by their height excess (the "fine excess" ) relative to appropriate unions 
of half-hyperplanes (corresponding to "vertical" scalings of H' by the coarse excess of the varifolds 
giving rise to H'). We use first variation arguments (in particular, Simon's L^-estimates and the 
non-concentration-of-tilt-excess estimate of Theorem 6.1(b)) and standard C^"'' boundary regularity 
theory for harmonic functions to prove a uniform interior continuity estimate (Theorem 12.2) for 
the first derivatives of the fine blow-ups, and use it, via an excess improvement argument, to show 
that our assumption H' G Bq must contradict one of the induction hypotheses, namely, that the 
Minimum Distance Theorem is valid when O (||Co||,0) = q. This enables us to conclude that the 
coarse blow-up class Bq has the asserted property, viz. that the only elements in Bq which are given 
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by linear functions on either of two complementary half-spaces are the ones given by q copies of a 
single linear function everywhere. 

Equipped with this fact and a number of other key properties we establish for the coarse blow- 
ups (see items {B1)-{B7) of Section 4 for a complete list), we ultimately obtain (in Theorems 14.3 
and 4.1), subject to the induction hypotheses, interior regularity of coarse blow-ups and con- 
sequently, that any coarse blow-up is an ordered set of q harmonic functions (a Sheeting Theorem 
for Bq, analogous to the Sheeting Theorem for Sa)\ furthermore, we show that these harmonic 
functions all agree if infinitely many members of a sequence of varifolds giving rise to the blow-up 
contain, in the interior, points of density > q. 

The preceding result is the key to completion of the induction step for the Sheeting Theorem. 
Together with the Schoen-Simon version of the Sheeting Theorem, it enables us to prove a De- 
Giorgi type lemma (Lemma 15.1), the iterative application of which leads us to the following 
conclusion: Let Pq be a hypcrplanc with multiplicity g, and suppose that y is a varifold in Sa 
lying weakly close to Pq in a unit cylinder over Pq. Let D be the region of Pq inside a cylinder 
slightly smaller than the unit cylinder. Then (i) there is a closed subset of D over each point 
of which the support of V consists of a single point; furthermore, at this point, V has a uniqiic 
multiplicity q tangent hyperplane almost parallel to Pq, and relative to this tangent hyperplane, 
the height excess of V satisfies a uniform decay estimate; and (ii) over the complementary open 
set, V corresponds to embedded graphs of q ordered, analytic functions of small gradient solving 
the minimal surface equation. Facts (i), (ii) and elliptic estimates imply, by an elementary general 
argument (Lemma 4.3), that the varifold corresponds to q ordered graphs over all of D and that 
each graph satisfies a uniform C^'l^ estimate (Theorem 15.2) for some fixed (3 G (0, 1), completing 
the induction step for the Sheeting Theorem. 

The final step of the argument is to show that the Minimum Distance Theorem holds whenever 
B(||Co||,0) € + 1/2, g -|- 1}. Since we may now assume the validity of the Sheeting Theo- 
rem for multiplicity up to and including we have all the necessary ingredients to establish (in 
Theorem 16.1) that given Co, if there is a varifold V ^ Sa weakly close to Co, then it must in 
the interior consist of C^'" hypersurfaces-with-boundary meeting along their common boundary, 
directly contradicting the a-Structural Hypothesis and proving the validity of the Minimum Dis- 
tance Theorem, subject to the induction hypotheses, when 0(||Co||,O) € {q + 1/2,1? + 1}; our 
argument also establishes the Minimum Distance Theorem when 0(||Co||,O) G {3/2,2}, since in 
this case we have, in place of the induction hypotheses, AUard's Regularity Theorem which implies 
the Sheeting Theorem when q = 1. 

This completes the outline of the proof. 



2. Notation 

The following notation will be used throughout the paper: 

n is a fixed positive integer > 2, R'^^^ denotes the (n + 1) -dimensional Euclidean space and 
{x^ , x'^ , , y"^ , . . . , y""^) denotes a general point in R"+^. We shall identify R" with the hyperplane 
{x^ = 0} of R"+^, and R"^^ with the subspace {x^ = = 0}. 

For Y G R"+i and p > 0, B'^+^iY) = {X e R"+i : \X -Y\< p}. 

For y G R" and p > 0, Bp{Y) = {X G R" : \X -Y\< p}. We shall often abbreviate Bp{0) as 
Bp. 
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For Y G R"+i and p > 0, r]Y,p : R"+^ ^ R"+^ is the map defined by r]Y,p{X) = p-\X - Y) 
and r)p abbreviates rjo^p. 

denotes the fc-dimensional HausdorfF measure in R"+^, and uon = (i?i(0)). 

For A^B d R"+^, dist-^ {A, B) denotes the HausdorfF distance between A and B. 

For X G R"+i and A c R"+^ dist {X, A) = iuiy^A \X-Y\. 

For A c R"+^, A denotes the closure of A. 

Gji denotes the space of hypcrplanes of R"+-'^ . 

For an n-varifold V (as in [A1172]; see also [[Sim83], Chapter 8]) on an open subset Q of R""*"-^, 
an open subset Q of Q,, a Lipschitz mapping f : ^ R"+^ and a countably n-rectifiable subset 
M of we use the following notation: 

V abbreviates the restriction V l_ (fi x G„) of F to x G„. 

||y|| denotes the weight measure on U associated with V. 

spt ||y|| denotes the support of 

V denotes the image varifold under the mapping /. 

|M| denotes the multiplicity 1 varifold on CI associated with M. 

For Z G spt ||F|| n Q, VarTan (V, Z) denotes the set of tangent cones to V at Z. 

regy denotes the (interior) regular part of spt \\V\\. Thus, X G regl^ if and only if X G spt ||l^||n 

Q and there exists p > such that Bp^^{X) f] spt ||y|| is a smooth, compact, connected, embedded 
hypersurface-with-boundary, with its boundary contained in d BJ^^^{X). 

singF denotes the interior singular set of spt Thus, singV = (spt ||y|| \ regF) H ^l. 



3. Statement of the main theorems 

The Class Sa- Fix any a G (0, 1). Denote by Sa the collection of all integral n-varifolds V of 
^2+^0) with G spt \\V\\{B^+^{0)) < oo and satisfying the following conditions: 

{SI) Stationarity: F is a stationary point of the n-dimensional area functional in -6^+^(0). 
Thus (see [[Sim83], Section 39]), 

(3.1) / divsipiX)dV{X,S) =0 

JB^+\0)xGn 
for every vector field ^ G C^{B^+'^{0);W+^). 
{S2) Stability: regF satisfies the stability inequality: 

(3.2) / |A|2c2dH"< [ iVCpd:^" "iCeC^iiegV), 

J reg V J reg V 

where A denotes the second fundamental form of vegV, \A\ the length of A and V denotes 
the gradient operator on reg V. 
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{S3) a-SxRUCTURAL Hypothesis: For each given Z G singF, there exists no p > such that 
spt ||y|| niJp+^(Z) is equal to the union of a finite number of embedded C^''^ hypersurfaces- 
with-boundary of Bp'^^{Z), all having common boundary in Bp'^^{Z) containing Z and no 
two intersecting except along their common boundary. 

Remarks: (1) By Allard's regularity theorem, legV is a non-empty — in fact an an open, dense — 
subset of spt ||y|| for any stationary integral varifold V ([A1172], Section 8.1), so given hypothesis 
(SI), hypothesis (S2) is never vacuously true. Note however that an open, dense subset can have 
arbitrarily small positive measure. But by our main theorem (Theorem 3.1 below), we conclude 
that for V e Sa, singF must in fact be lower dimensional. 

(2) Whenever V is stationary and rcgV is oricntable, condition {S2) is equivalent to non- negativity 
of second variation of V with respect to area under deformation by the flow generated by any smooth 
vector field normal to regT^ at every point of vegV and with support C 52^^(0) \ singF. (See 
[Sim83], Section 9 for a proof of this assertion.) 

(3) The hypothesis H'^~^ (singV) = trivially implies {S3), so all of our theorems concerning 
the class Sa in particular apply to the class of stable minimal hypersurfaces M of i?2^^(0) (that 
is, smooth embedded hypersurfaces M of i?2^^(0) with their associated multiplicity 1 varifolds 
V = \M\ satisfying (SI) and {S2)) with no removable singularities (thus, if X e M and M is a 
smooth, embedded hypersurface near X, then X G M) and 

H"~^(singM) = 0, 

where singM = (M \ M) D i?2^^(0). In fact, by Theorem 3.1, these two classes are the same. 

(4) Hypothesis {S3) will of course be satisfied if no tangent cone to F at a singular point is 
supported by a union of three or more distinct n-dimensional half-hyperplanes meeting along an 
(n — l)-dimensional subspace. By Theorem 3.3 below, for stable codimcnsion 1 integral varifolds, 
this condition on the tangent cones is in fact equivalent to hypothesis {S3). 

Our main theorem concerning the varifolds in Sa is the following: 

Theorem 3.1 (Regularity and Compactness Theorem). Let a e (0, 1). Let {Vk} C Sa be a 

sequence with 

hmsup \\Vk\m+\0))<^. 

There exist a subsequence {k'} of {k} and a varifold V ^ Sa with Ji^-'^+'y (sing V H i?2^^(0)) = 
for each 7 > i/n > 7, singl/ n ^2+^(0) discrete if n = 7 and singF n -62+^(0) = 0i/2<n<6 
such that Vk' —>■ V as varifolds o/i?2^^(0) and smoothly (i.e. in the C™ topology for every m) 
locally mB^+^(0)\singy. 

In paHicular, if W e Sa, then (sing D -6^+^(0)) = for each j > if n > 7, 

sing W n B^+^{0) is discrete if n = 7 and sing W D B^+\0) = i/ 2 < n < 6. 

Our proof of this theorem will be based on the following two theorems: 

Theorem 3.2 (Sheeting Theorem). Let a e (0,1). Corresponding to each A G [l,oo) and 9 G 
(0, 1), there exists a number eo = eo(n,A,a,e) G (0,1) such thatifV G Sa, (a;n2")-i||y||(S^+^(0)) < 
A and distu (spt ||y || n (R x Bi), {0} x Bi) < cq then 

g 

V L(R X Sg) = ^ Igraphujl 



STABLE CODIMENSION 1 INTEGRAL VARIFOLDS 



11 



for some integer q, where Uj G C^'^{Bg) for each j = 1,2, ... ,q; ui < U2 <...< Uq] 

sup(K| + |i^n,|)+ sup I^^.(y-y2)| ^^/^ \,^\^d\\VUX)Y'; 

Be Xi,X2€Bg,Xi^X2 1-^1 --^2r \J-RxBi ) 

and Uj solves the minimal surface equation on Bq. Here C = C{n, A,a,9) G (0, oo) and (5 = 

I3{n,h,a,e) G (0,1). 

Theorem 3.3 (Minimum Distance Theorem). Let a G (0,1). Let 6 G (0,1/2) and Co be 
an n-dimensional stationary cone in R"+^ such that spt||Co|| is equal to a finite union of at 
least three distinct n-dimensional half-hyperplanes of W^^^ meeting along an {n — 1)- dimensional 
subspace. There exists e = e{n,a,S, Cq) G (0,1) such that if V E Sa, 0(||y||,O) >0(||Co||,O) and 
(c^„2'^)-iF||(S«+H0)) < ec„(0) +(5, then 

distw (spt||F|| n 5^+^(0), spt||Co|| n 5^+^(0)) > e. 

The proofs of Theorems 3.1, 3.2 and 3.3 will be given in Sections 17, 15 and 16 respectively. 
Remark: Theorems 3.1, 3.2 and 3.3 are optimal in several ways: 

(a) Examples such as pairs of transverse hyperplanes or a union of three half-hyperplanes meeting at 
120° angles along a common axis show that Theorems 3.2, 3.3 and 3.1 do not hold if the structural 
hypothesis {S3) is removed (or replaced by the condition H"'~^~^'^ {singV) = for any 7 > 0). 
Stable branched minimal hypersurfaces (e.g. those constructed in [SW07] or in [Ros08]) show that 
there is no hope of proving regularity (as immersions) everywhere for stable codimension 1 integral 
varifolds, even when n = 2, without an assumption like {S3). Thus the structural condition {S3) 
can in particular be viewed as a geometric condition that rules out the existence of branch points 
in stable codimension 1 integral varifolds. 

(b) Appropriate rescalings of a standard Catenoid show that Theorem 3.2 does not hold without 
the stability hypothesis {S2). Similarly, rescalings of Scherk's 2nd surface show that Theorem 3.3 
does not hold without {S2). It is however an open question, even when n = 2, whether some form 
of Theorem 3.1 giving a bound on the singular set holds without {S2). In fact it remains open 
whether 2 dimensional stationary integral varifolds in must be regular almost everywhere, even 
subject to a condition such as {S3). 

(c) There are many examples provided by complex algebraic varieties demonstrating that Theo- 
rems 3.2 and 3.1 do not hold in codimension > 1 even if the stability hypothesis (which in higher 
codimension takes a different form from (3.2); see [Sim83], Section 9) is replaced by the (stronger) 
absolutely area minimizing hypothesis. For instance, the holomorphic varieties Vt = {{z,w) : 
^2 = + tyjj n Bf{0) C C X C = R"^, t G R, which are smooth, embedded area minimizing 
submanifolds lying close to the plane z = for small \t\ / 0, show that Theorem 3.2 does not 
hold in codimension > 1. Those holomorphic varieties with branch point singularities such as 
V = {{z,w) : = w^} n -Bi(O) C C X C show that even in 2 dimension, regularity, and 
hence Theorem 3.1, is false if codimension > 1. (For area minimizing currents of dimension n and 
arbitrary codimension, Almgren's theorem ([Alm83]) gives the optimal bound on the Hausdorff 
dimension of the interior singular sets, namely, n — 2.) Since the cone Cq in Theorem 3.3 is not area 
minimizing, there are no area minimizing examples nearby, but a given transverse pair of planes in 
R^ X {0} C R"^, for instance, can be perturbed in R^ into a union of two planes intersecting only 
at the origin, and the latter union is of course stable and satisfies {S3), showing that Theorem 3.3 
is false in codimension > 1. 

Our theorems generalize the regularity and compactness theory of R. Schoen and L. Simon [SS81], 
which established Theorems 3.2 and 3.1 under the hypothesis (singF) < 00 in place of {S3). 



12 



NESHAN WICKRAMASEKERA 



(If we assume H""^ (singF) < oo, Theorem 3.3 is a straightforward consequence of Theorem 3.2 
and inequality (3.2).) Our proofs of Theorems 3.2 and 3.3 however rely on the Schoen-Simon 
version of Theorem 3.2 in an essential way; in fact, what we need is the following slightly weaker 
version of their theorem: 

Theorem 3.4 ([SS81], special case of Theorem 2). Let V be a stationary integral varifold o/i?2^^(0) 
and assume in place of (S3) the (stronger) condition that 7^"-7+7 (^gingy) = Q for every 7 > in 
case n>7 and singF = m case 2 < n < 6. Let all other hypotheses be as in Theorem 3.2. Then 
the conclusions of Theorem 3.2 hold. 

Remark: It suffices to prove Theorem 3.2 for ^ = 1/8 and arbitrary A G [l,oo). To see this, 
suppose that case 9 = 1/8 of the theorem is true, with e' = e'(n, a, A) G (0,1) corresponding to 
eo. Let 6 G (1/8,1) and let the hypotheses be as in the theorem with eo = €Q{n^a,K,9) G (0,1) 
satisfying €0 < (^^) e'(^) ct, 3" A). We may then apply the case ^ = 1/8 of the theorem with 3'^A in 
place of A and with ^ = r?z,(i-e)/2tt ^ ^ Sa in place of V, where Z G spt ||F||n(Rx i?e) is arbitrary; 
since we may cover spt ||F|| PI (R x Be) by a collection of balls B'^^^Qy^{Zj), j = 1,2,. . . ,N, with 
Zj G spt ||F|| n (R X Bg) and N = N{n, A, 6), the required estimate follows. 

So assume 6 = 1/8 and let the hypotheses be as in Theorem 3.2. It follows from AUard's integral 
varifold compactness theorem ([A1172], Theorem 6.4) and the Constancy Theorem for stationary 
integral varifolds ([Sim83], Theorem 41.1) that if €0 = ^o{n,A) G (0,1) is sufficiently small, then 
9-1/2 < {unRT^ \\V\\{RxBr) < g+l/2for some integer 9 G [1,A+1) and i? G {1/3,2/3}. Then 
Vi = r?o,i/3j V satisfies (a;„2")-i||Fi| 1(5^+^(0)) < q+1/2 and g-1/2 < L^-i||yi||(Rx ^i) < q+1/2. 
Thus in order to prove the special case 6 = 1/8 of Theorem 3.2 (and therefore the general version), 
it suffices to establish the following: 

Theorem 3.2' (Sheeting Theorem). Let a G (0,1). Let q be any integer > 1. There exists a 
number eo = eo{n,a,q) G (0,1) such that ifV e Sa, (a;n2")-^||y||(S^+^(0)) < q+l/2, q-l/2< 
a;~^||y||(R X Bi) < q + 1/2 and dist^f^ (spt ||F|| n (R x Bi),{0} x Bi) < eo then 

q 

V L(R X B3/8) = |graph«j| 

where Uj G C^'^{B3/g) for each j = 1,2, . . . ,q; ui < U2 < . ■ . < Uq, 
sup(K| + |D«,|)+ sup \DuAX.)-Du^X,)\ ^^fl |^i|2,||^||(^^y/^. 

and Uj solves the minimal surface equation on B^/g. Here C = C{n,q,a) G (0, 00) and f3 = 
i3{n,q,a) G (0,1). 

Finally, we note that in the absence of the a-Structural Hypothesis {S3), Theorems 3.2, 3.3 and 
the upper semi-continuity of density of stationary integral varifolds give the following: 

Corollary 3.5. Let V be a stable integral n-varifold of B2'^^{0) (in the sense that V satisfies (3.1) 
and (3.2)). 

If Z £ singy and one of the tangent cones toV at Z is (the varifold associated with) a hyperplane 
with multiplicity g G {2, 3, . . .}, then for any a G (0, 1), there exist a sequence of points Zj G singl/ 
with Zj 7^ Z, Zj — > Z and a sequence of numbers aj with < aj < \Zj — Z\ such that for each j = 
1, 2, 3, . . spt ||y||ni?"j^^(Zj) is the union of at least 3 and at most 2q embedded C^'" hypersurfaces- 
with-boundary meeting only along an (n — l)- dimensional C^'" submanifold of B^~j~^{Zj) containing 
Zj. 
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In fact, if Z ^ sing V is such that one tangent cone C to V at Z has the form, after a rotation, 
C = C X R"~*^ for some G {0, 1, . . . , min {6, n}}, then for any a G (0, 1), there exist a sequence 
of points Zj G singy with Zj ^ Z, Zj Z and a sequence of numbers aj with < aj < \Zj — Z\ 
such that for each j = 1,2,3,..., spt ||y|| H B''^^^{Zj) is the union of at least 3 and at most 
2Q (\\V\\,Z) embedded C^'" hypersurfaces-with-boundary meeting only along an (n—l)- dimensional 
C^'°' submanifold of B'^^^{Zj) containing Zj. 



4. Proper blow-up classes 

Fix an integer q > 1 and a constant C G (0,cx)). Consider a family B of functions v = 
{v^jv"^, . . . , v'^) : Bi —>■ R'^ satisfying the following properties: 

(Bl) V G W^];^ (i?i; R") n (Bi; R«). 
{B2) <v^ < ... <v'^. 

{B3) A = in 5i where Va = q'^ Ej=i ■ 
{B4) For each z e Bi, either {B4I) or {B4II) below is true: 
{B4I) The Hardt-Simon inequality 

holds for each /? G (0, — where Rz{x) = — (!-v,z{x) = Va{z)-\-Dva{z) -{x — z) 

and [v-l^^z) = {v^ - (v,z,v'^ - £v,z, ■ ■ ■ ,v'^ - £v,z)- 
{B4II) There exists a = a{z) G (0, 1 - \z\] such that Av = in B^iz). 

{B5) IfveB, then 

(BSI) v,,„i-) = \\v{z + f^(-))llL2(s^(o))^^(-z + e S for each z e Bi and a e (0, |(1 - \z\)] 
whenever u ^ in Ba-{z); 
{B5II) f o 7 G i3 for each orthogonal rotation 7 of R" and 
(135111) II 

lli2^(Bj^(o)) ~ ^v) G ^ whenever 7; — ^ in where — Ua(0)-|-Z)t;a(0)-a; 
for X G R" and we have used the notation v — 1.^ = (v^ — £y, — i^, . . . — 1^). 
{B6) If {ffcj^i C B then there exists a subsequence {k'} of {k} and a function v ^B such that 

Vk' — V locally in L?'{Bi) and locally weakly in W^''^{Bi). 
{BTj If u G i3 is such that for each j = 1, 2, . . . , g, there exist linear functions L\,L2 : R™ — >■ R 
with L{{0,y) = L^iOjy) for y G R""^, v^x'^,y) = L\{x'^,y) if > and v^{x'^,y) = 
L2{x'^,y) if < 0, then = = . . . = v"^ = L for some linear function L : R" — > R. 

We shall refer to any such class B as a proper blow-up class. 

Our main result in this section (Theorem 4.1 below) is that functions in any proper blow-up 
class are harmonic. Subsequently, we shall prove that the collection of functions arising as "coarse 
blow-ups" (see Section 5 for the definition) of mass-bounded sequences of varifolds in Sa converging 
weakly to a hyperplane is a proper blow-up class for a suitable constant C depending only on n 
and the mass bound. 

Remark: The first use of the inequality in {B4I) in the context of regularity theory for minimal 
submanifolds is due to R. Hardt and L. Simon ([HS79]). 
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Let B be a proper blow-up class. There exists a constant r = t{B) G (0, 1/4) such that if v E B, 
Va{0) = and property {B4I) holds with z = 0, then 

(4.1) / \vnlf \v\\ 

JBi\Br ^ JBi 

To see this, note that since every weakly convergent sequence in W^'"^ (-S2/3) is bounded, it follows 
from the compactness property {B6) and property {B5I) that there exists a constant Ci = Ci{B) € 
(0,00) such that f^^ ^ \Dv\'^ < Ci J^^ |vp for every v G B. Hence by property {B4I) with z = 

and p = 3/8, we see that if Va{0) = then 

/ ^<2(C + Ci) / \vf. 

-'B3/I6 ^ -JBi 

This readily implies that for each r G (0,3/16), |up < 2(C + C'i)r^ |t;p, and choosing 
r = r(H) G (0,3/16) such that 2(C + Ci)r2 < 1/2, we" deduce (4.1). 

Theorem 4.1. If B is a proper blow-up class for some C G (0, 00), then each v E B is harmonic 
in Bi . Furthermore, if v E B and there is a point z E Bi such that (B4 I) is satisfied, then 
= v'^ = . . . = v'^ . 

The proof of this Theorem will be based on the following Proposition: 

Proposition 4.2. Let B be a proper blow-up class, and let r = t{B) G (0, 1/4) be the constant as 
in (4-1) ■ If V E B satisfies property (B4 I) with z = and if v is homogeneous of degree 1 in the 

annulus Bi\ B-r, viz. ^ =0 a.e. in Bi \ B-,-, then = L in Bi for some linear function L 
and all j G {1, 2, . . . , q}. 

For the proofs of Theorem 4.1, Proposition 4.2 and subsequently, we shall need the following 
general principle: 

Lemma 4.3. Let w G L^{Bi; R'^). Suppose there is a closed subset T C Bi and numbers (3,f5i,f52 £ 
(0, 00), n G (0, 1) and e G (0, 1/4) such that the following hold: For each 2; G F n -B3/4, there is an 
affine function Iz ■ R" — ^ R^ with sup^^ l^^l < such that 



JBM) \Pj Jb, 



lB^{z) \P/ JBp{z) 

for alio < a < p/2 < e/2 and for each z G -B3/4 \ F, there is an affine function iz ■ R" — ^ R^ such 
that 

,-n-2 / L., /) |2 ^ /o / " V „-n-2 I |„„ fi\2 



a 



' [ \w-£z\'<P2(-Yp-''-' [ \w-e\' 



for each affine function I : YC and all < a < p/2 < ^dist {z,T). Then w G C^'-^(Si/2) for 

some A = A(n, q, /?i, /?2, e, p) G (0, 1) with 

/, , , ,x \Dwix) - Dw{y)\ ^ / . /• , ,oV'^ 

sup {\w\ + \Dw\) + sup J Y <C[0^+ / \w\^ 

Bi/2 x,yeBi/2,x¥=y \x-y\'' V Jbi ) 

where C = C(n, /32, e) G (0, 00). 

Remark: In our applications of the lemma, the component functions of w, in Bi \ F, will either 
be harmonic or smooth functions with small gradient solving the minimal surface equation; in 
either of these cases, the second estimate in the hypotheses of the lemma is standard with ^^(x) = 
w{z) + Dw{z) ■ {x — z) and P2 depending only on n. 
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Proof. Consider an arbitrary point y £ ^^3/4 and a number p € (0,e). With 7 = j{n, f3i,€, fi) G 

(0, 1/8) to be chosen, if there is a point z G F n B^piy), then by the given condition with p—\z — y\ 
in place of p and a = jp + \z — y\, 

n+2 



|2 



■z\ 



JB^piy) \ IP J Je 

VI -7/ JB,{y) 

Choosing 7 = j{n, e, jj) G (0, e) such that 4"'"'"^/3i (^t^^) ^ V^, we see from this that 
(7P)-"-' / 1^ - 41' < / \w- 41' 

for any y G and p G (0, e) provided there is a point z e F D Bjp{y). In particular, if G F is 
such that ly — z*! = dist (y, F), then 

(4.2) (7P)-"-' / k-4H'<4-V-"-' / k-4H' 



for each p G (0, e) such that 7P > |y — If on the other hand F n B^p{y) = 0, then again by the 
given condition we know that for any afiine function i 



(4.3) ((T7P)~"-' / \w- iyf < ^2(7'^(7P)~"~' / \w- i\' 



\w — t^'^ 

'Ba-tp{y) JBjp{y) 

for all a G (0, 1/2]. Iterating inequality (4.2) with p = 7^', j = 1,2, .. . and using inequality (4.3), 
we see that for each y G -B3/4 \ F, there is an integer j* > 1, an affine function i^, (= £z*) with 
sup^^ l^^i-l < P and an affine function £y such that 

(4.4) (a7^*+i)-"-2 f \w- iyf < /?2(t'^(7^*+^)"""' / \w - 

for each affine function £ and each cr G (0, 1/2]; and 

k-4p 



JB^j{y) JB^j-it 



(4.5) < 4-(^-^)7-'^-2 f 

Je 



\w — for each j = 1, 2, . . . , j*. 



B^{y) 

By taking £ = a = 1/2 in (4.4) and j = in (4.5), and using the triangle inequality, we see 
that 

/ - 41' < C4-(^*-i)7-"-' / \w- 41' 

which in particular implies 

(4.6) (7^) / 14 - 41' < C4-^7— 2 / \w- £,f 

JB^^j{y) JB-,{y} 

for j = 1, 2, . . . ,j*, where C = C{n) G (0, 00). 
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By (4.5) and (4.6), we conclude that 

(4.7) (7^)"""^/ \w - £yf < CA-^^-^^j-""'^ [ \w-e^f 

for each j = 1,2, . . . Thus if y G -B3/4 \ T, we deduce that 

(4.8) P""""^ / \w-£yf <Cp^-f-''-'^ [ |u)-4p 

JBpiy) JB^iy) 

for all p G (0,7], by considering, for any given p G (0,7], the two alternatives: (i) 2p < 7"**^^, in 
which case p = 0-7^ +^ for some a G (0, 1/2] and we use (4.4) provided 7 = 7(n, g, /3i, /32, A*, e) is 
chosen to satisfy 7^* < 1/4 also, or (ii) 7-^+^ < 2p < 7-' for some j G {1, 2, . . . in which case we 
use (4.7). 

In view of (4.8) (in case y G i?3/4\r) and the given condition (in case y G i?3/4nr), we conclude 
that for each y G -B3/4, there exists an afHne function £y such that 

(4.9) p-"-2 / \w- lyf < Cp^ [0^ + / \w\A 

for all p G (0,7], where C = C{n,q, /3i, P2, P,^) G (0,00) and A = \{n,q, (3\, (32, p,e) G (0,1). It is 
standard that from this the assertions of the lemma follow. □ 

In the proofs of Proposition 4.2, Theorem 4.1 and subsequently, we let, for v ^B, 

T^ = {ze Bi\il^ : (B4I) holds} 

where 

0„ = {z G Si : 3/9 G (0, 1 - |2;|] such that 

v^{x) = v^{x) = . .. = v'^{x){= Va{x)) for a.e. x G Bp{z)} . 

Remark: Note that it follows directly from property {B4) that r„ is a relatively closed subset of 
Bi and on Bi \ Fy, is a.e. equal to a harmonic function for each j = 1,2, . . . ,q. 

Proof of Proposition 4-2. Let r = t{B) G (0,1/4) be as in (4.1). Note first that if G H is 
homogeneous of degree 1 in any annulus Bi \ Bt-i, t' G (0, 1), viz. v satisfies ^ g'j^^ = a.e. in 
Bi \ Br', then, since Va = Yl'j=i ^'^ is harmonic in Bi by property (BS), it follows that Va is a 
linear function in Bi. 

Let 7i denote the collection of all homogeneous of degree 1 functions v : R" R'^ such that 
^IfiiVSr ^ ^Isi\-Bt so™^ V e B satisfying property {B4I) with ^ = 0. For any given v e H, let 
T{v) = {z e R" : v{x + z) = v{x) for a.e. x G R"}. It is standard to verify using homogeneity of 
V that T{v) is a linear subspace of R". 

For k = 0,1,2,... ,n, let Hk = {v £ H : dimT(?^) = n - A;} so that H = {Jl^^Hk- Clearly 
7^0 = {0}. Let V &7ii, and let v be any element G B which is homogeneous of degree 1 in i?i \ B-,- 
such that V satisfies property {B4I) with 2; = and v agrees with v on Bi\Br. We wish to show 
that there exists a linear function L such that ■U'' = L in Bi for each j G {!,... ,q}. This is true if 

= Va on Bi for each j G {1, . . . , q}, so suppose v — Va ^ \n Bi and let w = \\v — fa||~^(?^ — Va)- 
Then w & B hy property {B5III), w ^ 0, Wa ^ and property {B4I) is satisfied with w in place 
of V and z = 0, and hence by (4.1), ^ in Bi \ Bt-. By the definition of Hi and property {B5II) 
(of v), we may assume that Tiv) = {0} x R"""^, and by homogeneity of w in Bi\Br, it then follows 
that there exist constants Ai > A2 > . • • > Ag, /Ui < < . . . < ^g, with ^^=1 Aj = X]j=i Mi — 
such that, for each j G {1, . . . ,<?}, w^{x'^,y) = Xjx'^ for each (x^, y) G {Bi \ Bt) n {x^ < 0} and 



STABLE CODIMENSION 1 INTEGRAL VARIFOLDS 



17 



w^{x^,y) = jjLjX^ for each {x'^,y) G {Bi \ B^-) n {x^ > 0}. Moreover, since w ^ in Bi \ B-r, we 
must have some jo £ {1, . . . , q — 1} such that either A^q > Ajy+i or jJ,j^^ < Hj^+i- Thus, taking any 
point (0, yi) G {Bi \ Br) n ({0} x R'^"^) and any number cJi with < cri < min{l — \yi\, \yi \ — r} 
and setting w = \\w{{0,yi) + cji(-))||^2^^^j)^((0, yi) + o'i(-))) produce an element w G B whose 
existence contradicts the fact that B satisfies property {B7). Hence it must be that v — Va = in 
Bi, and Hi consists of Hnear functions. 

Now let ki be the smallest integer G {2,3, .. . ,n} such that Hk^ 7^ 0- Consider any v G Hki, 
and let v be any element G B such that v satisfies property {B4I) with z = and v agrees 
with -u on i^i \ Br- By property {B5II) (of v), we may assume that T(v) = {0} x R"'"'^^. If 
n (-Bi \ Bt) C {0} X R"'~'^i, then by the remark immediately following the definition of Ty, 
is harmonic in {Bi \ B^) \ ({0} x R"~^i) for each j G {1,2,..., q}, whence by homogeneity, v 
is harmonic on Bi \ ({0} x R"'~'^i) . Since G Wj^'^ (R") and independent of the last (n — ki) 
variables, it follows that is harmonic in all of R". By homogeneity of v again and property {B2) 
of V, it follows that =1^ = . . . = v'^ = L for some linear function L, contrary to the assumption 
that V G for ki > 2. So we must have that n {Bi \ Br) \ ({0} x R"-*^!) 7^ 0. We shall 
contradict this also. 

Let K be any compact subset of {Bi \ B^) \ ({0} x R""'^!) . We claim that there exists e = 
e{v, K, B) G (0, 1) such that for each z e K DFy and each p with < p < min {e, ^dist {K, d BiU 

dBr)], 

(4.10) t[ nf(^^^^^^>..-'±[ W-^X. 



(Recall that Va is a linear function.) If this were false, then there would exist points G K n F^,, 
i = 1, 2, 3, . . . , with Zi — > z, and radii pi — ^ such that v — Va = {v^ — Va, ■ ■ ■ ,v'^ — Va) ^ in Bp^ (zi) 
for each z = 1, 2, 3, . . . and 

(4.n, ±1 uir('^S^^i^^)\,,r-±l w-^.? 

j=lJBp^(zi)\Brpiizi) \ O^zi J j=lJBp^{zi) 



where 0"*". The inequality (4.11) in particular implies that. By property {B5III), we have that 
w = \\v-Va\\^^BT^){v-Va) G B, SO that, by property (BSI), Wi = w^^^p^ = \\w{zi+ pi{-))\\~l^^^^.^w{zi + 
Pi{ )) also belongs to B for each sufficiently large i, and hence, by property {B6), there exists 
Wi, e B such that after passing to a subsequence,'^;^ — Wi, locally in L^(5i) and locally weakly 
in W^'^{Bi). Since ||wj||2,2(5^) = 1, it follows from (4.11) that ||if^i|| 1,2(5,^^^) > c for sufficiently 
large i, where c = c(n) > 0. Hence w^, ^ in Bi. By (4.11) again and the weak convergence 
Dwi ■ Dw^, ■ in L^(iJi_e \ .Bg'), convergence Wi Wi, in L^(i?i_e) for any 

e, e' G (0, 1/4), it follows that Wi, is homogeneous of degree 1 in 5i \ 5,-. Since property {B4I) is 
satisfied with Wi in place of v and with 2; = 0, it is also satisfied with w^, in place of v and with 
z = 0. Thus if denotes the homogeneous of degree 1 extension of w*\Bi\Br then 
Wi, G H. Note also that {0} x R"-^i C r(w^). 



18 NESHAN WICKRAMASEKERA 

Now by homogeneity of v in Bi\ B-,-, we have that for each y & Bi, sufficiently small a > and 
sufficiently large i, 



cr / Wi{x + z) dx = e^^ ^ a " / w{zi + pi{x + z)) dx 

= (1 + pi)er V"" / w{zi + (1 + Pi)~^Pi{z - Zi) + (1 + Pi)~^Pix) dx 
JBa{y) 

= (1 + /9i)"+^e7 V"" / w{zi + pix) dx 

= (1 + ^0""'^-"/ Wi{x)dx 

where = \\w{zi + Pi{-))\\L'^[Bi)-: so first letting i ^ oo in this (noting that zi z) and then letting 
(T — >■ 0, we conclude that Wi,{y + z) = Wi,{y) for a.e. y. i.e. z G T{w^). But z G 5i \ ({0} x R"-"^!) 
(since 2; G K), and therefore we must have dimr({t;^) > n — ki. Note on the other hand that by 
the definition of ki, either fei = 2 or (in case ki > 3) Hk = for all fc = 2, . . . , (fci — 1), so that, 
in either case, whenever dimT('u) > n — ki for some v € TC, it follows that v G TCi- Thus we have 
shown that 5;* G Hi and hence that iSl = = . . . = wi = L ioi some linear function L. But since 
(i(;j)a = for each j = 1, 2, . . . , it follows that L = («;*)„ = 0, which is a contradiction. Thus (4.10) 
must hold for some e = e{v,K,B) with < e < ^dist{K,d Bi U dBp) and all 2; G iC, p G (0, e] as 
claimed. 

Combining (4.10) with property {B4I), we then have that 

P{Jb,{z)\B^,{z) \ O^z J (^p[JB^p{z) \ O^z J 

which implies that 



(4.12) tf ^;-.fg(("':"-)/^jy<,y;/ ^« 

^r^JBrpiz) \ oRz j ~iJB,{z) 



for all z e Kn and p G (0, e] , where 9 = 9{v, K, B) G (0, 1). Iterating this (for fixed zeKHT^) 
with rV, i = 1, 2, 3, ... in place of p, we see that 



^iJb^,^{z) V J J^lJMz) 

for i = 0, 1, 2, 3 . . ., which readily implies that 



2 a / ^ , . ,,_^\2 



-„ 1 d {{V^ - Va)/Rz) \ f ( ^ {v^ ' Va) / Rz) 



dR, 



3-- 



1Jb^{z) \ dR^ J \pj ^^JBpiz) ^ \ dR, 



for any z £ K DT^ and all < o" < p/2 < e/2, where the constants /3 = P{v,K,B) G (0, 00) and 
p = p{v,K,B) G (0, 1) are independent of z. By property {B4I) and inequality (4.10), this yields 
the estimate 

(4.13) / 1^' - ^ 2—\-^Cp (^-) ' I 1^' - 
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for each z & K f] Ty and < a < p/2 < e/4. Since property {B4II) and the definition of 
imply that v is harmonic in R" \ r„, we deduce from Lemma 4.3, the remark immediately following 
Lemma 4.3 and the arbitrariness of K that v & C'^ {{Bi\ Br) \ ({0} x W-^^)) . 

Now by property {B4I), n [Bi \ Br) \ ({0} x W'^^) C the zero set of = [v^ - v^-^) \^^^^^ 

for each j = 2, . . . ,q. Since is non-negative and in {Bi \ Br) \ ({0} x R"^'^i) , it follows that 
Du^{z) = for any z G r„n (Bi \ ({0} x R^^'^i). Also, by property (6^//) and the definition 
of r^,, is harmonic in \ Br) \ (j^v U ({0} x R" '^^))' order to derive a contradiction, pick 
any point ziGT^f] {Bi \ Br) \ ({0} x R"-*^i) and let pi = i dist {zi,dBi U dBr U {0} x R"-^i) . 
If u^{z) > for some z G Bp^{zi), then there exists p G (0, pi) such that > in Bp{z) and 
d Bp{z) n (Ft,, n {Bi \ Br) \ ({0} X R"-"*^!)) 7^ 0, contradicting the Hopf boundary point lemma. 
It follows that n-' = in Bp^{zi) for each j = 2,. . . ,q. But since zi G Ty, this is impossible by 
the definition of Ty, so we see that the assumption Ty n [Bi \ Br) \ ({0} x R"'~'^i) / leads to a 
contradiction. Thus Hk = for each k = 2, . . . ,n, and the Proposition is proved. □ 



Proof of Theorem 4-1- The main point is, as in the proof of Proposition 4.2, to prove that v G 
C^{Bi). For if this is true, then, by exactly the same argument as in the last paragraph of the 
proof of Proposition 4.2, we see that F^ = 0, from which the first assertion of the theorem follows 
immediately. 

In view of Lemma 4.3 and property {B4 II), to prove that v G C^{Bi), it suffices to establish that 
there are fixed constants (3 = f3{B) G (0, cxd) and ji = ii{B) G (0, 1) such that for each 2; G F^ n 
and < a < p/2 < 1/8, 

(4.14) '^-"-'E/ K-4p</?f-yp— / W-Q' 

where is the affine function given by Izix) = Va{z) + Dva{z) ■ {x — z), x £ R". This estimate 
follows by exactly the same hole-filling argument used in the proof of Proposition 4.2. Specifically, 
we may first prove, by arguing by contradiction and using Proposition 4.2, that there exists a fixed 
constant e = e{B) > such that if i; G G F^, ?;a(0) = and Dva{0) = 0, then 

V 

j=l-^Bi/4(0)\iJ./4(0) 

where r = t{B) G (0, 1/4) is the constant as in (4.1). It follows from this and property {B4I) (by 
arguing as in the proof of (4.13)) that if u G ;S, G F^, Va{0) = and Dva{0) = 0, then 




p-"-2 [ \v\^ < pp^" f \fp e (0, 1/2] 



/2 

where /? = (3{B) G (0, 00) and p = p{B) G (0,1). In view of properties {B5I) and {B5III), the 
estimate (4.14) follows from this. 

Since finiteness of J2]=i Ispiz) (^ d{(vo -M^))/R^) y impUcs that v\z) = v^{z) = ...= vi{z) 

(= Va{z)), the second assertion of the theorem follows from the first, property {B2) and the maxi- 
mum principle. □ 
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5. LiPSCHITZ APPROXIMATION AND COARSE BLOW-UPS 

We here recall (in Theorem 5.1 below) some facts concerning approximation of a stationary inte- 
gral varifold weakly close to a hyperplane by the graph of a Lipschitz function over the hyperplane. 
These results were established by Almgren ([Alm83]), adapting, for higher multiplicity setting, the 
corresponding result of Allard ([A1172]) for multiplicity 1 varifolds. We shall use these facts to blow 
up mass-bounded sequences of varifolds weakly converging to a hyperplane. 

First note the following elementary fact, which we shall need here and subsequently: If y is a 
stationary varifold on i?2^^(0), then 

(5.1) / |V^xYC'd||^ll(^)<4 / \x'f\V''C\''d\\V\\{X) 

for each ( G (7^(i?2^^(0)). This is derived simply by taking ipiX) = x^C,'^{X)e^ in the first variation 
formula (3.1). 

Let p G (0, 1) and suppose that spt ||y|| n (R x -B(i+p)/2) C < 1}. Choosing ( in (5.1) such 
that ({x^,x') = C{x') in a neighborhood of spt ||y || n (R x Bi), where ( G C'g (i?(i_)_p)/2) is such that 
^ = 1 on Bp, < C < 1 and \D(\ < C for some constant C = C{p), we deduce from (5.1) that for 
each p G (0, 1), 

(5.2) / \\7^x^\'^d\\V\\{X)<CE^ 
where C = C{n, p) G (0, oo), and Ey = ^/rxBi I^^^P ^^II^IIW- 

Theorem 5.1 ([Alm83], Corollary 3.11). Let q be a positive integer and a G (0,1). There exist 
numbers €q = eQ{n, q, a) G (0, 1/2) and ^ = £,{n,q) G (0, 1/2) such that the following holds: Let V 
be a stationary integral n-varifold on B2~^^{0) with 

{un2'')-'\\V\\iB^+\0)) < q + 1/2, {q - 1/2) < ^^^IKR X Bi) < {q + 1/2) and 

Elr= [ {x^fdWVWiX) < eo; let 

E = 7rEiU7rS2U7rS3US' 
where tt : R**"*"^ — > {0} x R** is the orthogonal projection, 

Si = J F G spt||y|| n (R X B^) : p"" [ x^\'^ d\\V\\{X) > ^ for some p G (0, 1 - a) I , 

E2 = {y G spt||y|| n (R X S^) : either Tan (spt ||y||, y) / Tan" (||y||, F) 

or Tan (spt ||y||, y) G„ or B (||y||, y) is not a positive integer} , 

S3 = {y G spt n (R X S^) \ S2 : 1 - (ei • iy{Y)f > I/4} 
where I'iY) is the unit normal to Tan (spt y), and 

S' = {yG5^\(7rSiU7rS2U7rS3) : 6 (||7r# y) < g - l} . 

Then 

(a) 7^"(S) -h ||y||(R X S) < CEl. where C = C{n,q,a) G (0,oo). 
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(b) There are Lipschitz functions : B^j ^ R, j = 1, 2, . . . , with v} < < . . . < u'^ and 
Lipu^ < 1/2 for each j G {1, 2, . . . , q} such that for each x G -Bg- \ E, 

spt ||F|| n (R X {B„ \ S)) = U^^^^graphu^' n (R x {B^ \ S)). 

(In particular, for each x ^ B^j \ T,, the set spt ||y|| n 7r~^{x) consists of at most q distinct 
points.) 

(c) For each x G -B^ \ S and each Y G spt ||F|| PI '!r~^{x), Q (||F||,y) is a positive integer and 

e{\\V\lY)=q. 

Yespt\\V\\nn-^{x) 

Proof. In view of the estimate (5.2), and the easily verifiable fact that in the present codimension 
1 setting, the "unordered distance" is the same as the "ordered distance" (that is, if aj,bj G R are 
such that ai < a2 < ■ . . < ttq and bi < b2 < ■ . . < bq, then G{{ai,a2, • • • , flg}, {^i, 62, ... , bg}) = 

inf |^X^j=i(aj — bcr(j))^ : a is a permutation of {1, 2, ... , g}| = '\jYlj=i{^j ~ ^i)^); the theorem 
follows immediately from [[Alm83], Corollary 3.11], which in turn is a fairly straightforward adap- 
tation of the corresponding argument in [A1172] for the case q = I. □ 

Let qhe a positive integer. Let {Vk} be a sequence of n-dimensional stationary integral varifolds 

of BJ^+^{0) such that 

(5.3) (L^„2«)-i||Vfc||(i?^'+i(0)) < q + 1/2; g - 1/2 < u;-^||Vfe||(R x B^) <q+l/2 

for each k = 1,2,3, .. ., and 0, where 

^2 _ ^2 / i™i|2 



(5.4) Ei^Ei,^= \xrd\m{X). 

Let a G (0, 1). By Theorem 5.1, for all sufficiently large k, there exist Lipschitz functions uj^ : 
Ba- ^ R, j = 1,2, ... ,q, with ul. < u1 < . . . < uj, and 

(5.5) Lip-u^ < 1/2 for each j G {1, 2, . . . , q} 
such that 

(5.6) spt \\Vk\\ n (R X (B, \ Sfe)) = U^^^igraphni n (R x {B, \ S^)) 

where Sj^ is the measurable subset of B^r that corresponds to S in Theorem 5.1 when V is replaced 
by Vk', thus by Theorem 5.1, 

(5.7) ||yfc||(RxSfc)+7^"(Efe)<C£:^ 

where C = C{n,q,a) G (0,oo). Set f^(x) = Ej^^ul,{x) for x G B^r, and write V)~ = {v]^,v'^, . . . ,v1). 
Then Vk is Lipschitz on B^j-, and by (5.7) and (5.6), 

(5.8) / \vk\'^<C, C = C{n,q,a) e {0,00). 
Furthermore, 

{l + \Duk\^)-^l^\Duk\''= I 

AS, 



f {l + \Duk\^)-^/^\Duk\^= f {l + \Duk\^)-^/^\Duk\ 

+ [ {l + \Du,\')-'/'\D 
< / \V''^x'\''d\\Vk\\{X) + C,El<C2^ 
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where Ci = Ci{n,q,a) G (0, oo), C2 = C2{n,q,a) G (0, 00) and we have used (5.5) in the first 
inequahty and (5.2) in the second. By (5.5) again, this impHes that 

(5.9) / \Dvk\'^<C, C = C{n,q,a) e {0,00). 

In view of the arbitrariness of cr G (0, 1), by (5.8), (5.9), ReUich's theorem and a diagonal sequence 
argument, we obtain a function v G W^^^ (Si;R^) PI Lp' (Bi;R^) and a subsequence {kj} of {k} 
such that — v as j — > 00 in (Bo-; R*) and weakly in W^'"^ {Ba-; R^) for every a G (0, 1). 

Definition: Let v G Wj^; (Si; R^) n (^i; R'^') correspond, in the manner described above, to (a 
subsequence of) a sequence {V^,.} of stationary integral n-varifolds of i?2^^(0) satisfying (5.3) and 
with Ek 0, where E'^ is as in (5.4). Wc shall call v a coarse blow-up of the sequence {V^.}. 

The Class Bq: Denote by Bq the collection of all coarse blow-ups of sequences of varifolds {V^} C 
Sa satisfying (5.3) and for which Ej. 0, where Ek is as in (5.4). 

We shall now begin, and end in Section 14, the central part of our work, namely, the proof that 
for any integer q > 1, Bq is a proper blow-up class (as defined in Section 4). 



6. Non-concentration of tilt-excess 

The main result of this section is the estimates of Theorem 6.1(b), which says that for a stationary 
integral n-varifold of an open ball having small height excess relative to a hyperplane, concentration 
of points of "top density" near an (n— l)-dimcnsional axis implies non-concentration, near the axis, 
of the tilt-excess relative to the hyperplane. This estimate will play a crucial role in the proof that 
Bq (see definition above) is a proper blow-up class — specifically, in establishing property (BT) (see 
Section 4) for Bq. No stability hypothesis is required for the results of this section. 

Theorem 6.1. Let q be a positive integer, r G (0,1/16) and fi G (0,1). T/tere exists a number 
ei = ei(n, g, T, /x) G (0, 1/2) such that if V is a stationary integral n-varifold of B2'^^(0) with 

(a;„2")-i||y||(B2"+\0)) <g+l/2, q - 1/2 < u;-'\\V\\iK x Bi) < q + 1/2 and 

\x'\M\V\\{X) < ei, 



'RxBi 

then the following hold: 

(a) For each point Z = {z^,z') G spt ||y|| n (R x Sg/ig) with 6 (||y||, Z) > q, 



^'f<c[ \x' 



d\\V\\iX) 



where C = C{n,q) & (0, 00). 
(b) If L an (n — 1)- dimensional subspace of {0} x R" such that 

L n ^1/2 C {{Z G spt ||y|| : e i\\V\\,Z) > q})^ , then 

[ x^\'^d\\V\\{X) < CT^-^' [ \x^\'^d\\V\\{X) 

where C = C{n,q,^i) G (0, 00). In particular, C is independent of t. Here for a subset A of 
R"+^ we use the notation {A)r = {X G R"+^ : dist {X,A) < r}. 
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Remarks: (1) Since Theorem 5.1 holds with tilt-excess 

IrxB d\\V\\{X) in place of the 

height excess Ey (see [Alm83], Corollary 3.11), an examination of the proof below in fact shows 
that for any /x G (0, 1), the more refined estimate 

/ \V^x^\^d\\V\\{X)<CT^-^' f x^\^d\\V\\{X), C = C{n,q,n)e {0,oo), 

J{L)T-r\(RxBi/2) JuxBi 
holds under the hypotheses of Theorem 6.1(b). We do not however need it here. 

(2) A similar estimate for height excess relative to certain minimal cones was established in a 
"multiplicity 1 setting" in [Sim93]. Indeed, we shall later need a version of that as well (see 
Corollaries 10.3 and 16.4). 

Proof. The proof is based on the monotonicity formula [[Sim83], 17.5], which implies that, for any 

z e spt ||y|| n (R X Bq/iq), 

n+l, 



r \(x~z)M^ 11^11(^3/8 (^)) 

(6.1) / y dWmX) = \ -9(||y||,Z). 

Jb^+\z) \X-Z\^+^ a;„(3/8)'* 



Write Ey = y /rxSi I^^P '^II^IK"'^)- Assuming ei = ei{n,q) G (0, oo) is sufficiently small to 
guarantee the validity of its conclusions. Theorem 5.1 with a = 15/16 implies that 



V\\{B-+\Z)) < \\V\\{R X B,/,{z')) = \\V\\{R x {B,/,{z') \ S)) + ||F||(R x {B,/s{z') n S)) 



< 



V / Jl + \D'uJ\'^dH'' + \\V\\(R X S) < V / Jl + \D^dn'' + CE 

,=1 Jb^,s{z')\t. ^ Jsysiz') ^ 



where C = C{n,q) G (0, oo), and , j = 1,2, E are as in Theorem 5.1; if, additionally, 

e (IIV'II, ^) > q, it follows that 

ll^ll(^3/V(^)) _ Q ^,1^,1^^) ^ ll^ll(^3/V(^)) _ ^ 



a;„(3/8)- a;„(3/8)" 
< 



ilvTim^l {4i + \D^^-i]d7e + cEi<cY,! \Du^^dn^ + cEi 

^a;„(3/8) JB^/si^')^ J fr^JB^/siz') 

<CY, |Wpd7^" + cV / iDu^fdW^ + CEl 

j=l JB3,s{z')\T. ^.^1 JBs/s(z')nT. 

(6.2) <Cy2 [ \Du^^d7e + CEl<C I x'^\^ d\\V\\{X) + CEI < CE 



where C = C(n, g) G (0, oo), and in the last inequality we have used (5.2). Thus we deduce from 
(6.1) that 

for each Z G spt ||y|| n (R x Bg/i^) with 6 (||y||,^) > q, where C = C{n,q) G (0,oo). 
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To prove the assertion of part (a) of the Theorem, we estimate the left hand side of (6.1) from 
below as follows: 

2 

^lx~7lnS d\\V\\{X)>A-^^ [ 



1/4 



n+l 

^{{x^ - z^)ef + {x^ - z^)ei 

n+l 



d\\V\\{X) 



>U-+^ j \x'-z'\^\ei\'d\\V\\{X)-A- j Y.\efMy\\{X) 

^ JBV-f}(Z) JB?f}(Z) ~L 



2 JB^^-fl{Z)P^ 
2 JBlJ^iZ) JB^i^(Z) 

> ^4"+2 / \x' - z^f\eifd\\V\\{X) - CElr 

2 Jb-+^{z) 

>4n+i|^i|2/" \ei\'^d\\V\\{X)-CEl 
Jb?+}(z) 



(6.4) >4"+i|zi|2V/ {l + \Du^\^)-^d7e -CEl>C\z^\^ -CEl 

^^^JBys{z')\T. 

where, for ||y|| a.e. X G spt||y||, ej^{X) is the orthogonal projection of Cj onto the orthogonal 
complement of the approximate tangent plane Tan(||F||,X) and C = C{n,q) G (0, oo). Note that 
we have used the fact that \Du^ < 1/2 a.e. and H'^{Bii^{z') \ S) > iW"(5i/8(z')) = \^n{lT, 
which hold by Theorem 5.1 provided ei = ei(n, g) G (0, 1/2) is sufficiently small. The estimate of 
(a) readily follows from this and (6.3). 

To see (b), let Z = (z^, z') G spt ||y||n(Rxi?9/ig) be an arbitrary point and choose C, G Cf[(R"^^) 
be such that C = 1 on ^3/^^(0), C = in R"+i \ B^'+HO), < C < 1 and |DC| < 16 everywhere. 
Taking, for fi G (0, 1), i){X) = (^{X - Z)\X - Zl-'^-^+'^lx^ - z^\^{X - Z) in the first variation 
formula (3.1) (a valid choice as shown by an easy cut-off function argument) and computing and 
estimating as in [Sim93], p. 616, we deduce that 



\x^ - z-^P 



:d\\V\\iX) 



B-+HZ) 

^ ^ / - ^^ Ix-z^nX, + C(^ - ^)l^^ll^ll(^) 



where C = C(n,iJ,) G (0,oo). Since sptL>C C \ ^3/V(0)' together with (6.3) and part 

(a) implies that 



\x^ — z-'-p 

B-+\Z) |X-Z|"+2-M 



d\\v\\{x)<c [ \x'\mv\\{x) 



for every Z = (z^ z') G spt n (Rx Bg/ig) with 6 (||F||, Z) > q, where C = C{n,q,n) G (0,oo); 
in particular, 

/ \x^ - z^\^d\\V\\{X) < Cr"+2-^ / \x^\^d\\V\\{X) 

Jb2+\z) JrxBi 



for each Z = (z^, z') G spt fl (R x -Bg/ig) with (||1^||, Z) > q and each r G (0, 1/16). In view 
of the hypothesis 

Lni?i/2C({ZGspt||y|| : Qi\\VlZ)>q})^, 
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the preceding estimate imphes that for each Y G LD B1/2, there exists 2;^ G R such that 

Jb1^+\Y) JkxBi 
This in turn imphes by (5.1) that for each Y £ LCi B1/2, 

[ |V^xipd||F||(X) < Cr"-'^ / \x^\'^d\\V\\{X). 

JB^+\iY) JkxBi 

bmce we may cover the set {L)r n (R x B^/2) by N baUs B'^:^^l(Yj) with Yj e Ln B1/2 for 
j = 1, 2, . . . , AT and with N < Ct^-"", C = C{n), it follows that 

/ x^\^d\\V\\{X) <CT^-^' [ \x^\^d\\V\\{X) 

J(L)rn(RxBi/2) JRxBi 

with C = C{n,q,iJ,) G (0, 00), as required. □ 

7. An OUTLINE OF THE PROOF OF THE MAIN THEOREMS 

Note that if Co is a stationary cone as in Theorem 3.3, then Gco(O) = — 1/2 or 0Co(O) = q 
for some integer q > 2. We prove both Theorem 3.2' and Theorem 3.3 simultaneously by induction 
on q. The case g = 1 of Theorem 3.2' is a consequence of Allard's regularity theorem. Validity 
of the cases G (||Co||,0) = 3/2 and (||Co||,0) = 2 of Theorem 3.3 will be justified at the end of 
Section 16. 

Let q be an integer > 2 and consider the following: 
Induction Hypotheses: 

(HI) Theorem 3.2' holds with 1, . . . , (q — 1) in place of q. 
{H2) Theorem 3.3 holds whenever eco(O) G {3/2, 2, 5/2, ...,q}. 

The inductive proof of Theorem 3.2' and Theorem 3.3 is obtained by completing, assuming {HI), 
{Hi), the steps below in the order they are listed: 

Step 1: Prove that Bq is a proper blow-up class. (Sections 8-14) 

Step 2: Prove Theorem 3.2'. (Section 15) 

Step 3: Prove Theorem 3.3 when 9 (||Co||,0) =q + 1/2. (Section 16) 

Step 4: Prove Theorem 3.3 when 6 (||Co||,0) =q + l. (Section 16) 

Remarks: (1) Let m G {1,2, . . . ,n} and suppose that C is an m-dimensional stationary integral 
cone in R^^^. Let Lc = {Y G spt ||C|| : B (||C||,y) = B (||C||,0)}. It is a well known consequence 
of the monotonicity formula that Lq. is a linear subspace of R""*"^ of dimension < m and that 
y G Lc if and only if Ty # C = C, where Ty : R"+^ ^ R"+^ is the translation Ty{X) = X-Y. 
Let dc = dimLc- Then, if Lc is a rotation of R"+^ such that Tc{Lc) = {0} x R'^c^ -^^e have that 
rc#C = C' X R'^c, where C is a stationary integral cone in R""'"^~'^°. Here, given an integer 
d G {0, 1, 2, . . . , n} and a rectifiable varifold V of R"^^""', we use the notation V x R'' to denote 
the rectifiable varifold V of R"+^ with spt ||y|| = spt ||F'|| x R'^ and the multiplicity function 6v 
defined by Ov{x, y) = 6v'{x) for {x,y) G spt x R*^, where Oy' is the multiplicity function of V. 

(2) Let q be an integer > 2 and suppose that the induction hypotheses {HI), {H2) hold. Let 

V £ Sa- We claim the following: 

(a) If 2 < n < 6, then singFn {Z G spt ||y|| : e{\\V\\,Z) < = 0. 

(b) If n > 7, Z G sing V and B (||F||, Z) < q, then dc < n - 7 for any C G Var Tan {V, Z). 
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To see this, suppose either (a) or (b) is false. Then we have either 

(a') for some n G {2, 3, ... , 6}, there exist a varifold V e Sa and a point Z G singF such that 

ei\\V\\,Z)<qor 

(b') for some n > 7, there exist a varifold V £ Sa, & point Z G singF with O < q such 

that dc > n - 7 for some C G Var Tan {V, Z). 

If (a') holds, fix any C G Var Tan (F, Z). 

In either case (a') or (b'), the induction hypothesis {HI) implies that dc, n; for if dc = n, 
then C = q'\P\ for some integer q' G {l,2,...,g — 1} and some hyperplane P which we may 
take without loss of generality to be {0} x R", whence by the definition of tangent cone and 
the fact that weak convergence of stationary integral varifolds implies convergence of mass and 
convergence in Hausdorff distance of the supports of the associated weight measures, for any given 
e > 0, there exists a G (0, 1 - \Z\/2) such that dist>^ (spt ||r?z,<7# Vjl n (R x Bi),{0} x Bi) < e, 
g'-l/2 < iv-^vz,ai^V\\{RxB^) < q'+l/2 and {un2^)-^riz,a'i^V\\{B^+'{0)) < q'+l/2. Choosing 
e = eo{n,a,q') where eo is as in Theorem 3.2', by (-f^l), we may apply Theorem 3.2' to deduce 
that near Z, V corresponds to an embedded graph of a C^'" function over P solving the minimal 
surface equation, and hence spt ||y|| near Z is an embedded analytic hypersurface, contradicting 
our assumption that Z G sing V. Thus dc < n. 

Again in either case, the induction hypothesis {H2) implies that dc ^ n — 1; for ii dc = n — 1, 
then spt ||C|| is the union of at least three half-hyperplanes meeting along an (n — l)-dimensional 
subspace, and since 6(||C||,0) < q, we must have that G(||C||,0) G {3/2,2,5/2,... ,q - 1/2}. 
Again by the definition of tangent cone we have that for any given ei > 0, a number cr G (0, 1 — 

\Z\/2) such that |K2")"i||r?z,a#^||(5r'(0)) - e(||C||,0)l < 1/8 and dist^ (spt ||ryz,<x# V^|| n 
B"+^(0),spt ||C|| n B"+^(0)) < ei, so choosing ei = '^e{a, |,C) where e is as in Theorem 3.3, we 
see by hypothesis {H2) we have a contradiction to Theorem 3.3. 

Thus dc < n — 2. Assume now without loss of generality that Lc = {0} x R'^c;_ Then C = 
C'xR''*^, where C is an (n—dc) -dimensional stationary integral cone of R"'+^~'^*^ with G singC'. 

Note that since G (||C||,y) < q for each Y G spt ||C||, in view of hypothesis {HI), it follows from 
Theorem 3.2' that rcgC satisfies the stability inequality; viz., /r^gc l^cpc^ ^ /regC 1^*^ ''1^ 
each G C^{TcgC), where Ac denotes the second fundamental form of rcgC. 

Now by a theorem of J. Simons [SJ68] (see [Sim83], Appendix B for a shorter proof), we know that 
if 2 < n < 6, there does not exist, in R""^-*^, a minimal hypercone with an isolated singularity and 
satisfying the stability inequality. Applying this to C, we conclude that if sing C = {0} x R'^c ^ 
then, in either of the cases (a') or (b'), we have a contradiction. Hence there is a point Zi G 
sing C \ {0} X K'^c. 

Let Ci G Var Tan(C,Zi). Then {tZi : i G R} x R'^c c Lc, so that dc, > dc + l- Since 
Ci \_B^+\0) = limjfc^oo Vk for some sequence of varifolds {Vk} C Sa (indeed, = Vz^^akH-^ 

for some sequence of points Z^ and a sequence of positive numbers converging to 0) and 

G (||Ci||, 0) = G (||C||, Zi) < q, by reasoning as above, we see that dc, < n — 2 and that regCi 
satisfies the stability inequality. Thus dc ^ n — 3, and hence in particular n > 3. 

By Simons' theorem again, there exists a point Z2 G singCi \ Lc,, which implies (by reasoning 
as above considering a cone C2 G Var Tan (Ci, Z2)) that dc < n — 4 and n > 4. Repeating this 
argument twice more in case (a'), we produce a cone contradicting Simons' theorem, and three 
times more in case (b'), we reach the conclusion dc < n — 7 contrary to the assumption. Thus both 
claims (a) and (b) must hold. 
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(3) By Remark (2) above and, in case n > 7, Almgren's generalized stratification of stationary 
integral varifolds ([Alm83], p. 224, Theorem 2.26 and Remark 2.28; sec [Sim96], Section 3.4 for 
a concise presentation of the argument in the context of energy minimizing maps), we have the 
following: 

Let q be an integer > 2. If the induction hypotheses (HI), {H2) hold, V G 5«, ^ C _B2^^(0) is 
open and 6 (||F||, < q for each Z G spt ||y|| n Q., then 7i"-7+7 [singV LO) = for each 7 > 
ifn>7 and singF LJ^ = 0«/2<n<6. 



8. Properties of coarse blow-ups: Part I 

Recall from Section 4 the defining properties (Bl) — (BT) of a proper blow-up class B, and note 
that it follows from the discussion in Section 5 that the class B = Bq satisfies properties {Bl) and 
{B2). In this section, wc verify that Bq also satisfies properties (BS) — {B6). 

Let V ^ Bqhe arbitrary. By the definition of Bq, there exists, for each k = 1, 2, 3, . . ., a stationary 
integral varifold Vfc G Sa such that the following are true: (a;n2")-i||Vfc||(52^^(0)) < q + 1/2; 
q-1/2 < LO-^\\Vk\\(RxBi) < q+1/2; El = J^^j^^ \x^\'^d\\Vk\\{X) ^ as A; ^ 00; for each a G (0, 1) 

and each sufficiently large k depending on a, ii uj, : B^j ^ His the functions corresponding to , 
j = 1,2, ... ,q, and Ej^. C B^j is the measurable set corresponding to S in Theorem 5.1 taken with 
Vk in place of V, then, uj. < <...< u'j^; uj^ is Lipschitz with 

(8.1) Lip4<l/2 foreach jG{l,2,...,g}; 

spt \\Vk\\ n (R X {B^ \ Sfe)) = U^^^igraph^; 



(8.2) ||Ffe||(RxSfe) + 7^"(Efc)<C^2 

where C = (n, q, a) G (0, 00); and E^^u'^^ for each j = 1,2, . . . ,q, where the convergence is in 
L'^{B^) and weakly in W^^^{B^). 

To verify that v satisfies property {B3), note that by (3.1), for each k and each function ( G 
Cl{B^), we have that 

(8.3) j V^'=xi-V^H^i||^/c||(^) = 

where C, is any function in Cg(R x B^r) such that C, = C,iiu a. neighborhood of spt ||Vfc|| n (R x B^r), 
where Ci(^) is defined for X = {x^ ,x') eB.x B^ by Cl(a;^a;') = C{x'). Since x^ = S^(X) for ||T4|| 
a.e. X = {x^,x') G graph u^. PI spt ||Vfe||, where w'^{x' ,x^) = w'f^{x) for {x^,x') G R x B„, we deduce 
from (8.3) that 

{l + \Dv^^\')-'''Dv^,.DC = - j V^^x'.V^'^ldWVkWiX) 
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which can be rewritten as 

1 



1 r 

(8.4) ^1 + ^< -DC + Fk where 



\Fk\ 



1 

E 



: / (1 + + (1 + ii^ui|2)-v2)-i|z)^^j2^^, . 

|V^'=xi|2d||Ffe||(X) 



+ x: / (1 + \Dv^,?)-"\i + (1 + 



k) 



(8.5) < CE^ + qK' (S 

The last inequality in (8.5), where C = C{n,a) G (0,oo), follows from (5.2) and (8.1). 

Dividing both sides of (8.4) by and letting k oo, we deduce, using (8.1), (8.2) and (8.5), 
that 



i=i •^^'^ 



Dv^ ■DC = 



for any ( G C^{B^). Since a G (0, 1) is arbitrary, this implies that Ava = in Bi, establishing 
property {B3) for Bg. 

Next wc verify that Bq satisfies properties {B5) and {B6). Let z G Bi, a G (0, (1 — \z\)] and 7 
be an orthogonal rotation of R", and note that Vz,a = \\viz + c"("))IIl2(s^)'^'(-2^ + "^(O) is the coarse 
blow-up of the sequence {r](^o,z),aif= ^k}, and o 7 is the coarse blow-up of the sequence {7^ Vk}, 
where 7 : R""*"^ R"+^ is the orthogonal rotation defined by 7(x^,x') = {x^,j{x')). Thus Bq 
satisfies properties {B5I) and {B5II). 

To verify that Bq satisfies property {B6), let {v(}'fLi be a sequence of elements in Bg, and for 
each £ = 1,2,..., let {F^j^i C Sa be a sequence whose coarse blow-up is V(,. Choose, for each £ = 
1, 2, . . ., a positive integer such that fci < A;2 < ^3 < . . ., Eyi < min{^~^, eo(n, l — where 

eo is as in Theorem 5.1, and \\E~\ ui^ki - Vi\\L^i^B^_^-i) < where ui^ki = i^lke^'^eM^ ' • ' ' ^Ike^ ' 
Bi_£-i — > R^ is the Lipschitz function (with Lipschitz constant of each component function < 1/2) 
corresponding to u = {u^,u'^, . . . ,u^) of Theorem 5.1 taken with V^^ in place of V and with a = 
1 — £~^.That such a choice exists follows from the definition of coarse blow-up. Note also that it 
follows from (5.8) and (5.9) that for each a G (0, 1) and all sufficiently large i, + < C, 

where C = C{n,q,a) G (0, 00) is independent of £. Let v & Bq he the coarse blow-up of an 
appropriate subsequence {V^f,} of the sequence {V^^}. It is then straightforward to check, after 
passing to a subscqTicncc of {£'} without changing notation, that for each a G (0,1), V£' v in 
L'^{Ba) and weakly in W^^'^{B„). 

In order to verify that Bq satisfies property {B5III), note first that if y G R is a constant 
and V — y ^ in Bi, then \\v — y||^2(-^^-)(^ ~ v) ^ Bq, where wc have used the notation v — y = 
{v^ — y,v'^ — y, . . . ,v'^ — y). To check this, note that v{a{-)) — y ^ for all sufficiently large a G (0, 1), 
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and that for any such a, \\v{a{-)) — yll^l^^.^-) ii'^i'^i')) ~ v) is the coarse blow-up of the sequence 
{Tk#ri„#Vk} where t/,. : R"+^ R"+^ is the translation X ^ X - {EkV,^)- Thus \\v{(j{-)) - 
y\\l^^{Bx) (^("^(O) ~ y) ^ for ^■ll sufficiently large a G (0, 1), and hence it follows from property 
{B6) that \\v — y||^2^(5j)(^^ — y) ^ as claimed. Next note that if L : R" — R is a linear function 
and u — L ^ in Bi, then \\v — m^^Si)^'" ~ ^) ^ where, v — L = {v^ — L,v^ — L, . . . jv"^ — L). 
To check this, assume without loss of generality (in view of property {B5II)) that L{x) = for 
some A G R, and note that for sufficiently large a G (0, 1). ||u((t(-)) — aL\\~2i^^^-^ {"^i^i')) ~ '^L) is 
the coarse blow-up of the sequence {r^^ tj^.^ Vfe}, where : R""*"^ — > R"^+^ is the rotation fixing 

{0} X R"~^ and mapping the unit normal Vk = (^1 + -^fe-^^) {^t —EkX, 0^ to the hyperplane 

Pk = graphE'fcL to e^. Thus ||i;((T(-)) — o"L||~2^^g^-| (i>(c7(-)) — aV) G Bq for all sufficiently large 
(T G (0, 1), and it follows from property {B6) that \\v — L\\i^2(^^_^-^{v — L) G Bq as claimed. We deduce 
that Bq satisfies property {B5III) by applying the above facts with y = fa(0) and with the linear 
function L defined by L{x) = \\v — ■Ua(0)||^2j.^^-jL'ua(0) • x for a; G R". (Note that v — Va(0) ^ in 
Bi or else v — iy = in Bi, contrary to the hypothesis of {B5III), where is as in the statement 
of {B5III).) Note that our argument shows more generally that 

(8.6) veBq, v-iy^zJ^O in Bi ^ ||^^ - 4,^11^2(5^) - ^,2) e 

for each z G Bi, where £v,z{x) = Va{z) + Dva{z) ■ (x — z) and v — i^^z = {v^ — £v,z-> ■ ■ ■ ^v"^ — £v,z)- 

Finally, to verify that Bq satisfies property {B4) (with a constant C = C{n,q) & (0, 00) to be 
specified momentarily), first note that for any stationary integral n-varifold V of i?2^^(0) satisfying 
the hypotheses of Theorem 5.1 taken with a = 15/16 and any Z = (z^, z') G spt H -B^/g with 
0(||y||,Z) > q, we have that 

where Rz{x) = \x — z\ for x G R" and C2 = C2{n,q) G (0, 00); the set S C Bi^/iq here and the 
functions Uj, j = 1,2, . . . ,q are as in Theorem 5.1 taken with a = 15/16. To see this, note that by 
estimating as in (6.3), it follows that 



'^^ ^^^^''d\\V\\{X)<C2El, C2 = C2(n,g)G(0,oo), 



while 



|(X-Z)^|2 „^ ^ f |(X-Z)^l2 



:-+\Z) \X-Z\^+^ Jrx(Bi/2(.')\S) \X-Z\^+^ 

" " {{x' - z')- Du^{x) + {u^{x) - z^))^ 



^ JBy,{z')\j: {(uJix) - z^Y + {x' - z'f) — 

Now let V G Bq and let z G .Bi be such that {B4I) with C = C2, where C2 = C2{n,q) is as in 
(8.7), fails. By (8.6), v = \\v — iv,z\\j^2(^Bi)('^ ~ ^'"^^^ ^ ^'i' ^ snch. that v is the coarse 
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blow-up of {Vk} ■ We claim that then there exists fii > such that for all sufficiently large k, 

(8.8) Z €spt\\Vk\\n{-Rx B^,(z)) =^ G (||14||, Z) < g. 

If not, then there would exist, for each positive integer i, a positive integer {ki} with ki < k2 < 
ks < . . . , a point = {z\, z'^) G spt ||Vfe^|| n (R x Bii^{z)) such that 6 (||V/j^||, Z() > q. Fix any 
p G (0, |(1 — |z|)]. Applying (8.7) with riz^,p# Vk^ in place of V and in place of Z, we then have, 
after changing variables, that for all sufficiently large £, 

(8.9) <C2p-"-'/ Ix'MVkMX) 

Now for all sufficiently large i depending on p, ||Vfe^,||(Rxi?^y]^g(z^)) > Cp" for asuitable constant 
C = C{n) G (0, oo), so there exists a point Yi = {yj,y'^) G spt ||Vfc^|| fl (R x {Bp/iQ{z'^)) such that 

(8.10) \y}f<Cp-- [ \x'fd\\Vk,\\{x) 

JRxBp/ig(4) 

where C = C{n) G {0,oo). Applying Theorem 6.1(a) with V = ??y^,p/2# ^fe^. in place of V and 
Z = {p/2)-^{Zi, - Yi) in place of Z (noting that Z G spt n (^i/g x R) with 9 (||V^||, ^) > q), 
we deduce, using also (8.10), that 

(8.11) \z]\^<Cp-^ I \x^\^d\\Vk,\U) 

iRx_B3p/4(4) 

for all sufficiently large where C = C{n,q) G (0, oo). Dividing both sides of (8.9) by E'^^, and 
letting £ — ^ oo, we conclude, using (8.11) and the fact that supxespt\\Vk^\\n(RxB3/4)) l^^l ^ as 
£ — oo, that 

for some y G R and each p G (0, |(1 — \z\]. Since by the triangle inequality this implies that 

Ib /2(2)^^ " (^^^^^^iIt^)^ < follows that y = Va{z) = 0. But this contradicts our as- 

sumption that property {B4I) fails for v, leading us to the conclusion that (8.8) must hold for all 
sufficiently large k. 

By Remark 3 of Section 7 and (8.8), it follows that for all sufficiently large fc, 7^""'''+')' (sing Vfc D 
(R X {z))) = for every 7 > if n > 7 and sing Vfc n (R x 3^^ {z)) = if 2 < n < 6, so we may 
apply Theorem 3.4 and standard elliptic theory to conclude that 

Vk L(R X B^^/2{z)) = Igraphu^l 
where uj. : B^^/2{z) — *• R- are functions satisfying 

sup I Dui \ + \D^ui\< CEk 
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and solving the minimal surface equation on 3^^/2(^)1 where C = C{n,q,a) G (0, 00). This readily 
shows that Av^ = on B„^/2{^) foi' each j = 1,2, . . . ,q, establishing property {B4) for Bg. 

Remark: Note that the argument leading to (8.12) proves the following: 

Let n be an open subset of U v & Bg and {V^} C 5^ is a sequence whose coarse blow- 

up is V (in the sense described in Section 5), and if for infinitely many k, there are points G 
spt ||Vfe|| n (R X ri) with 6 (||Vfe||, Zfe) > q, then there exists a point z e ft such that 

for each p G (0, |(1 - \z\)]. 

9. Properties of coarse blow-ups: Part II 

Fix an integer q > 2 and suppose that the induction hypotheses (HI), {H2) hold. We begin in 
this section the proof that the coarse blow-up class Bg satisfies property (BT); we shall completed 
the proof in Section 14. 

Suppose 

(t) Vi, = {vl,v^, . . . , v1) G Bg is such that for each j = 1, 2, . . . , there exist two linear functions 
: R'* ^ R with L{(0,y) = 4(0, y) = for each y G R"-^ vl{x^,y) = L{{x^,y) if 
x'^ <0 and vi{x'^,y) = L2{x'^,y) if > 0. 

In order to show that Bg satisfies property (BT), we need to prove that vl = v'^ = . . . = vi = L 
for some linear function L : R" — R. We shall do this by establishing the assertions in each of 
the following two cases: 

Case 1: There exists no v^, e Bg as in (f) above such that L\ = L\ = . . . = L\ but 

L{ / for some j G {1, 2, . . . , g - 1}. 

Case 2: There exists no G Bg as in (f) above such that L\ 7^ V"^^ for some i G 
{1,2, . . . ,q ~ 1} and / L-2^^ for some j G {1, 2, . . . , g — 1}. 

We prove the assertion of Case 1 in Lemma 9.1 below and complete the proof that Bg satisfies 
property {B7) (by proving the assertion of Case 2) in Corollary 14.2; the latter requires a number 
of preliminary results which we shall establish in SectionslO-14. 

Lemma 9.1. Let v^, and L\, i G {1, 2}, j G {1, 2, . . . , q}, he as in (f) above. If L\ = L\ = . . . = L\, 
then (i) L2 = L2 = ■ ■ ■ = L2 and (ii) vi = L for some linear function L and all j = 1,2, . . . ,q. 

Proof. The assertion of (ii) follows from that of (i) since the average (t'*)a = X^j=i harmonic 
and hence is a linear function under the hypotheses of the lemma. 

Suppose, contrary to the assertion of (i), that 7^ ^2^^ ^'^^ some j G {1,2, ... ,q — 1}. By 
property {Bblll), y^*!!^*)"!! £ Bq, so we may assume without loss of generality that l{ = 
for each j = 1,2,. ..,q. For k = 1,2,..., let Vk G 5„ with (tj„2")-i||yfc||(B^+\0)) < q+ 1/2, 
q-1/2 < uj-^\\Vk\\{Rx Bi) < q + 1/2 and ^| = f^^^^ \x^\'^d\\Vk\\iX) ^ be such that the coarse 
blow-up of the sequence Vk, obtained as described in Section 5, is V-^. Let the notation be as in 
Section 5. Thus for each a G (0,1) and each sufficiently large k (depending on a), there exists 
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Lipschitz functions u^. : B„ ^ R, j = 1, 2, . . . , with Lipu^ < 1/2 for each j G {1, 2, . . . , g}, such 
that 

vi = Urn EZ^ui 

k^oo 

where the convergence is in L^{B(^) and weakly in W^''^{Ba-), and 

(9.1) spt \\Vk\\ n Tr-\B^ \ Sfc) = Uj^igraph^ n Tr-\B^ \ S^) 

where C S^- is the set corresponding to S in Theorem 5.1 when V is replaced with V^, so that 
in particular 

(9.2) ||14||(RxEfe)+7^»(Efe)<C^2 

where C = C{n, q, a) G (0, oo). 

In what follows, we take a G [15/16, 1) to be fixed. Fix any r G (0, 1/16). Since 

q 



^(RxB9/i6)n{a;2<-r/2} -^^ J {Bg/:,e\T,k)n{x^<-T/2} 

+ I \A^d\\Vk\\{X), 

^(Rx(Bg/iBnSfc))n|a;2<-r/2} 



'(Rx(B9/i6nSfc))n{a;2<-r/2} 

E'^^Uk ^ in on Bg/ig D {x^ < -r/2} and 

sup 0, 

X={x\x')espt ||V-fc||n(RxB9/i6) 



it follows from (9.2) that 

'(RxBg/i6)n{x2<-T/2} 



4-2 / \x'mm{x)^o 

J(n> 



and consequently, by (5.2), that 

(9.3) 4-^/ \v''>' x^mmix) ^ 0. 

^(RxBi/2)n{a;2<-T} 

We claim that for all sufficiently large k, 

(9.4) e{\\Vk\\,Z)<q for all Z G spt 11^^11 n (R x ^g) n {x^ > r/8}. 

If this were false, then there would exist a subsequence {k'} of {k} and for each k', a point 
Zk' = (zl,, z'y.i) G spt ||Vfc'|| n (R X -B5/8) n {x^ > r/8} with O (||Vfc/||, Z^') > q; by the reasoning as 
in the Remark at the end of Section 8, this fact yields 

^ (d({vi-y)/R^\' 

for some z' G Bs/gnjx^ > t/8} and some y G R, which implies that vi{z') = y for all j = 1,2, . . . , q. 

But this contradicts our hypothesis that 7^ -^2^^ for some j G {1,2, ... ,g — 1}, so (9.4) must 
hold for all sufficiently large k. 

With the help of Remark 3 of Section 7, we deduce from (9.4) that for all sufficiently large k, 
;^n-7+7 (singFfen(Rx55/8)n{x2 > r/8}) = for each 7 > if n > 7 and sing Vfcn(RxB5/8)n{x2 > 
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t/8} = if 2 < n < 6. We may therefore apply Theorem 3.4 and eUiptic theory to deduce that, for 
all sufficiently large k, Sfc n Bg/iQ n {x^ > r/4} = 0; 

(9.5) Vk L((R X Bg/ie) n {x' > r/4}) = ^ Igraph^l L((R x fig/ie) n {x^ > r/4}); 

and that uj, are on Bg/iQ n {x^ > r/4}, solve the minimal surface equation there and satisfy 

(9.6) sup {D'^ Ukl'^ < CrEl 

Bi/2n{a;2>T/4} 

for £ = 0, 1,2, where Ct is a constant depending only on n and r, and denotes the order £ 
differentiation. 

We next claim that for all sufficiently large k, 

(9.7) ({0} X R"-i) n C {{Z G spt llVfcll : 6 m\\,Z) > q})^ . 

If this were false, then there would exist a point (0, y) G {0} x R"~^ n B1/2 and a subsequence {k'} 
of {k} such that for each k', 

B^rMM)^{Z esptWVk'W : @{\\Vk'\\,Z)>q} = iD. 

Since spt \\Vk\\ PI (R x -B3/4) — >■ x {0} in Hausdorff distance, it follows that for each k' and each 
Z G spt llVfc/ll n (R X i?r/2((0, y))) we must have 9 (||Vfc'||, Z) < q. Arguing exactly as for (9.5) and 
(9.6), we conclude that for all sufficiently large k', S^/ n 5^-/4(0,?/) = 0; 



Br/4{0,y) 



spt ll^^fc'll n (R X 5^/4(0, y)) = U^^igraph 
and that u^., are functions on 5^/4(0,?/), satisfy 

V sup \Dui,\ + \D\i,\<CEk', C = C(n,r) G (0,00) 

and solve the minimal surface equation on B^^^(0,y). Consequently, vil^^^^f^Q^y-j must be harmonic 
for each j = 1,2, . . . , q, which is however impossible since by hypothesis, L-[ = for each j = 
1,2, ... ,q while 7^ -^2^^ some j G {1,2, . . . ,q — 1}. This contradiction establishes (9.7) for 
all sufficiently large k. 

We now proceed to derive the contradiction needed for the proof of the lemma. By taking 
ij^iX) = ({X)e^ in the first variation formula (3.1), we deduce that 

(9.8) J V^'= ■ V^'= aX)d\\Vk\\{X) = 

for each k = 1, 2, . . . and each ( G C^(R x Bi). Choosing ( to agree with ('{x^,x') = Ci^') i^i ^ 
neighborhood of spt PI (R x S1/4), where ( G C^{Bi/4) is arbitrary, we deduce from this that 

(9.9) ±f 7r7^fD.C- ^^"'^'°l-,y UR, where 
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Rx(Bi/4nEfe) 

Since /^^^^ D2C, = 0, it follows from (9.9) that 

(,,0, tf 



Note that by (9.5), (9.6) and the definition of (see Theorem 5.1), 
(9.11) n Sfe C n {x^ < r/2}, 

and also that for all sufficiently large k, 



(9.12) ||Vfe||(Rx (5i/4nEjk)) +7^^^(51/4 nEfc)<C / |V^'= a;i|2d||Vfe||(X) 

J(RxBi/2)n{x2<r} 



where C G (0, 00) is a fixed constant depending only on n and q. To see (9.12), let j = 1,2,3, 
correspond to the set Sj in Theorem 5.1 when V is replaced by V^, and E'^ correspond to S'. Since 
for each k, p e (r/4, 1/16) and Y G spt ||Vfc|| fl (R x -B1/2)) we trivially have that 

(9.13) p-"" f |V^'=a;ipd||Ffc||(X) <4V-" / x^\'^d\\Vk\\{X) = A^'t-'^eI 

and since by definition, 

= {y e spt \\Vk\\ n (R X B^) : p"'^ / IV^* x^\mVk\\{X) > e 

J'RxBp{7rY) 

for some p G (0, (1 — a))} 

where ^ = ^(n, g) G (0, 1/2) is as in Theorem 5.1, it follows that for all sufficiently large k (depending 
on r), Y G sj^'^ if and only if y G spt \\Vk\\ n (R x B^) and P'"" Jj^^BpinY) \^^' AM\Vk\\iX) > ^ 
for some p G (0,r/4]. In view of (9.11), it follows from the Besicovitch covering lemma that 

\m (R X (i?i/4 n s(f')) + w«(i?i/4 n vr s(f')) < c / |v^'= x^fd\m (X) 

^(Bi/2XR)n{i;"<T} 

for j = 1, where C = C{n, q) G (0, 00). This estimate trivially follows for j = 2 since ||T4||(Sj,^^) = 
(see [[Alm83], Theorem 3.8]); it follows for j = 3, with C = 4, directly from the definition of S^^^ 
and (9.11) and it also holds with in place of S^, with C = C{n,q) G (0, 00), by (9.11) and the 
argument in [[Alm83]. pp. 237-238]. Thus the estimate (9.12), with the constant C depending only 
on n and q (in particular independent of r) follows. 

By (9.12), Theorem 6.1(b) (with p = 1/2) and (9.3) we deduce that, since the integrands in both 
integral expressions in Fk are bounded, 

(9.14) E^^\Fk\ < C sup \DC\t^/^ 
for all sufficiently large k, where C = C{n). 
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Abbreviating Wk = El-i T'^' D2C - note that 

[ \wk\ < Csup \DC\ I iV'^'^x^mmiX), 

^Bl/4\Efcn{a;2<r} J inxBi/2)n{x^<T} 

and by (9.12), 

/ \wk\ < Csup \DC\ [ \V''>^ x'lmVkWiX) 

where C = C{n), so that again by Theorem 6.1(b) with fi = 1/2 and (9.3), 



( / \wk\ + [ \wk\] < Csup IDQt^^ 



(9.15) 

for all sufficiently large k, where C = C{n). Finally, by (9.6), 
(9.16) 



where we have used the fact that Divi = for z = 3, . . . , (n+ 1) and j = 1, 2, . . . , g. Dividing (9.10) 
by and first letting k ^ 00 and then letting r — 0, we conclude from (9.14), (9.15) and (9.16) 
that 

q 



^ / \D2vi\^D2C = 



-'Bi/4n{x-2>o} 

for any (" G Cc(-Bi/4). Since vi = L2 on {x^ > 0}, this contradicts (for any choice of € Cc(-Bi/4) 
with /s^^^n{a;2>o} 7^ ^) assumption that / -^2^^ fo'^ some j G {1, 2, . . . , g — 1}. □ 

Remark: It follows from Lemma 9.1 and the compactness property {B6) that there exists a 
constant c = c(n, q) G (0, 00) with the following property: If f G is such that, for each j = 
1,2, ... ,q, v^{x'^,y) = ijx'^ for < 0; v^{x'^, y) = nijx'^ for x"^ > 0, where ij, mj are constants; and 
^ Va for some J G {1,2, . . . where Va = g"^ Ej=i ^^ then Ki -^qp > cX;j=i 11^^^ -Va\\l2(^Bi) 
and |mi — > c^j^^ Iju-' — '"o 11^2(5^) • (Of course once we have completed the proof that Bq 
satisfies property {B7), we will have ruled out the existence of such v e Bq.) 



10. Parametric L^-estimates in terms of fine excess 



This section and all of the subsequent sections up to and including Section 14 will be devoted 
to the proof of the assertion of Case 2 (see the beginning of Section 9). Crucial to our proof are 
the L^-estimates, given in Theorem 10.1 and Corollary 10.2 below, for varifolds V £ Sa with small 
coarse excess (relative to a hyperplane) and lower order "fine excess" relative to appropriate unions 
of half-hyperplanes meeting along (n— l)-dimensional axes (see Hypotheses 10.1(5) below). These 
results are adaptations to the present "higher multiplicity" setting of those proved in ([Sim93]) in 
the context of "multiplicity 1 classes" of minimal submanifolds. 

Notation: (1) Let Cg denote the set of hypcrconcs C of R""*"^ such that C = Yl'j=i + l^il; 
where for each j G {1, 2, . . . , q}, Hj is the half-hypcrplane defined by 

Hj = {{x^,x'^,y) G R"+^ : < and x^ = XjX^}, 



36 NESHAN WICKRAMASEKERA 

Gj the half-hyperplane defined by 

Gj = G R"+^ : > and = fijx'^}, 

with Xj, constants, Ai > A2 > . . . > Aq and /Lti < /U2 < . . . < (Xq. Note that we do not assume 

cones in Cq are stationary in R""*"^. 

(2) For p G {2, 3, ... , 2g}, let Cq{p) denote the set of hypercones C = X^j=i \Hj\ + \Gj\ G Cq as 
defined above such that the number of distinct half-hyperplanes in the set {Hi, . . . , Hq,Gi, . . . ,Gq} 
is p. ThenCq = ull2Cq{p). 

(3) For V e Sa and C e Cq define a height excess ("fine excess") Qv{C) of V relative to C by 

QviC) = ( [ dist\X,spt\\V\\)d\\C\\{X) 

VjRx(Bi/2\{|:r2|<l/16}) 



+ / dist^{X,spt\\C\\)d\\V\\{X) 



/RxBi 

(4) Forpe{2,...,2q}, let 

Q*yip) = inf Qv{C). 

Let a G (0, 1) and q be an integer > 2. In Theorem 10.1, Corollary 10.2 and Lemma 10.3 
below and subsequently, we shall consider the following set of hypotheses for appropriately small 
e, 7 G (0, 1) to be determined depending only on n, q and a: 

Hypotheses 10.1. 

il)VeS^, e{\\V\lO)>q, iu;n2^)-^V\\iB^+\0)) <q+l/2, co-^V\\(Rx B^) < q+1/2. 

(2) C = Yl'j=i\^j\ + G Cq, where for each j G {1,2, . . . , q} , Hj is the half-hyperplane 
defined by Hj = {{x^,x'^,y) G R"+^ : a;^ < and x^ = Xjx^}, Gj the half-hyperplane 
defined by Gj = {{x^,x'^,y) G R"+^ : > and 2}, with Xj,^j constants, 
Ai > A2 > . . . > Aq and < /X2 < . . . < /Xq. 

(3) El^!^^j,y?d\\V\\{X)<e. 

(4) {Z : e(||y||,Z)>g}n(Rx (i?i/2\{|a;2|<l/16})) =0. 

(5) Ql{C) < jE^y. 

Remark: Note that there exists e = e(n, q) G (0, 1) such that if Hypotheses 10.1 above hold with 
any 7 G (0, 1), and the induction hypotheses (HI), {H2) hold, then 

(10.1) max{|Ai|, |Aq|} < ciE'y and max{|^i|, < ci£^y. 

for some constant ci = ci(n) G (0, 00). These bounds follow from Hypotheses 10.1(5) in view of the 
fact that (by Hypotheses 10.1(4), Remark 3 of Section 7 and Theorem 3.4), under Hypotheses 10.1, 
V l_(R X (-B1/4 \ < 1/8})) = X^j^i Igraphujl + IgraphiUjI where, for j = 1,2,.. . ,q, Uj G 

C^{Bi/4 n {x'^ < -1/8}), Wj G C2(Si/4 n > 1/8}) with supB,/^n{x^<-i/8} < CEy and 

suPB^/4n{x2>i/8} \^3\ ^ CJEy, C = C{n) G (0,oo). 

Let ci = ci(n) be the constant as in (10.1) above and define a constant Mq = Mo(n, q) G (0, 00) 

by 

[3 22»+8cc;2(2g + l)2c2 22"+8c^„(2g + 1) 
M.Q = max s — , 



2 Ci Ci 

where C\ = /Bjpn{a;2>i/i6} dl-r'{x'^ ,y). We shall use this constant at several places below. 
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For V as in Hypotheses 10.1, we shall also assume the following for suitable values of M > 1: 
Hypothesis (★): 

El<M inf / dist'^(X,P),d\\V\\(X). 

{P={a:i=Aa:2}eG„:AGR} yRxBi 

Remarks: (1) Note that if Hypotheses 10.1 and Hypothesis (★) hold with sufficiently small e = 
e(n, q) G (0, 1), 7 = 7(71, q) £ (0, 1) and with M = |M^, then 

C-Ey < max {|Ai I, |Aq|}, c£^y < max{|^i|, and 

(10.2) min{|Ai-A,|,|^i-Mg|}>2c^y 

for some constant c = c{n,q) G (0, 00). Indeed, the triangle inequality (in the form dist^ {^^P) < 
2dist^ (X,spt ||C||) + 2dist|^ (P n (R x Si),spt ||C|| n (R x Bi)) for X G R x Si, applied with 
p = {x^ = l(Ai + \q)x^} OT P = {x^ = + ^l2)x^}), Hypothesis (★) (with M = M^) and 
HypotheseslO.l (with sufficiently small e = e{n,q) £ (0,1) and 7 = '^{n,q) G (0,1)) imply that 
1^1 — Aql + — //ql > cEv for some c = c(n, q) G (0, 00). Lemma 9.1 then implies that min{|Ai — 
^^^l) Imi ~ l^qW ^ 2c£^y, c = c{n,q) G (0, 1); the first two inequalities of (10.2) follow readily from 
this. 

(2) It follows from the last inequality of (10.2) that if Hypotheses 10.1 and Hypothesis (*) hold 
with e = e(n,g), 7 = 7(n, g) G (0,1) sufficiently small and M = Mq, then C G Cq{p) for some 
pG{4,5,...,2g}. 

Finally, for C, V as in Hypotheses 10.1 and appropriately small /3 G (0, 1/2) (to be determined 
depending only on n, q and a), we will also need to consider the following: 

Hypothesis (**): Either 

(i) C G C,(4) or 

(ii) g > 3, C G Cg{p) for some pe{5,...,2q} and Q^(C) < /? {Q^{p - l)f . 

Remarks: (1) Let C be as in Hypothesis 10.1(2). liVESa satisfies Hypothesis 10.1(1), Hypoth- 
esis (★★)(ii) with P G (0, 1/4) and if Ai = A'^ > A2 > . . . > A^^ = Xq arc the distinct elements of 
the set {Ai, . . . , Xg} and fii = ix'i < fi^ < ■ ■ ■ < n'p^ = /J^q are the distinct elements of {^ui, . . . , fig} 
(notation as in Hypothesis 10.1(2)), then it follows from Hypothesis (**) and the triangle inequality 
that 

(10.3) A^+i - A^ > 2c'Q*yiP - 1), f^'j+i - f^'j > 2c'QUp - 1) 

for some constant cf = c'(n, q) G (0, oo) and alH = 1, 2, . . . ,pi — 1 and j = 1, 2, . . . ,p2 — 1- 

(2) Suppose V e Sa, C e Cq satisfy Hypotheses 10.1, Hypothesis (*) and Hypothesis (★★) for some 
e,^,f3 G (0,1/2). If C' G Cq is any other cone with spt||C'|| = spt||C||, then Hypotheses 10.1, 
Hypothesis {*) and Hypothesis (**) will continue to be satisfied with C' in place of C provided 7, 
P are replaced by 2g7, 2qP respectively. 

Theorem 10.1. Let q be an integer > 2, a G (0,1), r G (0,1/8) and ji G (0,1). There exist 

numbers = eo(n,g, a,r) G (0,1), 70 = 7o(n,g, a,r) G (0,1) and /3o = (3o{n,q,a,T) G (0,1) 
such that the following is true: Let V G Sa, C G satisfy Hypotheses 10.1, Hypothesis (-k) and 
Hypothesis (irk) with M = |Mq and co^TO; Po i'n place of e, 7, P respectively. Suppose also that the 
induction hypotheses {HI), {H2) hold. Write C = Yl'j=i l-^jl + l^jl where for each j G {1, 2, . . . ,q}, 
Hj is the half-space defined by Hj = {{x^,x'^,y) G R""*"^ : < and x^ = Xjx"^}, Gj the half- 
space defined by Gj = {{x^,x'^,y) G R"^^ : > and x^ = fXjx"^}, with Xj,^j constants, 
Ai > A2 > . . . > Aq and /^i < < • • • < Mg/ for {x^,y) G R" and j = l,2,...,q, define 
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hj{x^,y) = \jX^ and gj{x'^,y) = fijX^. Then, after possibly replacing C with another cone C G Cq 
with spt ||C'|| = spt ||C|| and relabeling C as C (see the preceding Remark (2)), the following must 
hold: 

q 

(a) V L(R X (S3/4 \{\x^\< r})) = ^ |graph {hj + Uj)\ + |graph {g^ + Wj)\ 

where, for each j = 1,2, . . . ,q, uj e (-B3/4 fl {x^ < — r}); 1/;^ e (-B3/4 n {x^ > r}); 
hj + Uj and gj + Wj solve the minimal surface equation on their respective domains; 

hi + Ul < h2 + U2 < ■ ■ ■ < hq + Uq-, gi + Wl < g2 + W2 < ■ ■ ■ < gq + Wg-, 

dist {{hj{x'^,y) + Ujix'^,y),x'^,y), spt \\C\\) = {1 + X^jy^^^lujix^ ,y)\, {x'^,y) G -B3/4 n {x^ < -r}; 
dist y) + Wj{x'^,y),x'^, y), spt ||C||) = (1 + ^l])-^l^\wj{x^ , y)\, {x^ , y) e ^3/4 n {x^ > r}. 

(•^^ / , TYl^d\\V\\{X)<C [ dist2(X,spt||C||)d||y||(X). 

n+1 „ „ 

E/ , |e/pd||y||(X)<C / dist2(X,spt||C||)d||y||(X). 

^''1S+2!f ''^ ^II^IIW<g/ dist^(x,spt||c||)d||y||(x). 

v/B"^ (0) 1^1 JRxBi 

Here C = C{n,q,a) G (0, 00) and C = C{n,q,a, fj,) G (0, 00). (In particular, C, C do not depend 
on t). 

Proof. Let Ai = A'j^ > A2 > . . . > A^^ = Xq be the distinct elements of the set {Ai, . . . , A^} and 
/^i = /^'i < A*2 < • • • < A*p2 ~ distinct elements of {fii, . . . ,fiq}, so that pi,p2 < q and 

Pi +P2 = P- By (10.2), provided e = e(n, g), 7 = 7(n, g) G (0, 1) are sufficiently small, we have that 
Pi,P2 > 2. 

By the Remark at the end of Section 8, Remark (3) of Section 7 and Theorem 3.4, it follows 
that if e = e(n, q, a, r), 7 = 7(71, q, a, r) G (0, 1) are sufficiently small, then 

<? 

(10.4) V L(R X (S3/4 \ {Ix^l < r})) = IgraphS^ I + |graphti5j | 

i=i 

where uj G (-B3/4 \ {x^ > — r}), wj G (-B3/4 \ {x^ < r}) are functions with small gradient 
solving the minimal surface equation and with ui <U2 < ■ ■ ■ <Uq and wi < W2 < ■ ■ ■ < Wg. 

If p = 4, then pi = P2 = 2 and by (10.2), provided e = e(n, q), 7 = 7(71, g) G (0, 1) are sufficiently 
small, 

c£^y < max{|Ai|, IA2I} < ciE'y, ci^y < max 1/41} < ci£^y and 

min{|A'i - A'21, l/x'i - /x^|} > 2cEy 

where ci = ci(n),c = c{n,q) G (0, 00) arc as in (10.1) and (10.2). Conclusion (a) follows in this 
case from Hypothesis 10.1(5) and elliptic estimates. 

Now suppose C G Cq{p) for some p & {5,6, ... , 2q} and assume by induction the following: 

(Ai) There exist ? = 'e{n,q,a,T), 7 = 7(n, g, a, r) and (3 = (3{n,q,a,T) G (0,1) such that if 
Hypotheses 10.1, Hypothesis (★) and Hypothesis (**) are satisfied with M = Mq , 7, f3 in 
place of e, 7, (5 respectively, and with F G 5^ and any cone C G U^^^Cg(fc) in place of C, 
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and if the induction hypotheses (HI), {H2) hold, then conclusion (a) with C in place of C 
holds. 

By (10.3), 

(10.5) |A^+i - A^l > 2c'QUp - 1), - fi'jl > 2c'QUp - 1) 

for some constant c' = c'(n, q) G (0, oo) and all i = 1, 2, . . . ,pi — 1 and j = 1, 2, . . . ,p2 — 1- So if 

then it follows from (10.1), (10.4), (10.5) and elliptic estimates that conclusion (a) holds provided 
e = e(n, q, a, r), 7 = 7(71, q, a, r) G (0, 1) are sufficiently small. If on the other hand 

(10.6) (Q*(p_l))2< /'2^y%^2^, 



3 



then we argue as follows: 

Choose Ci G [J^'l\Cq{k) such that 

(10.7) Ql^c,)<l{Q*y{p-l)f. 

If Hypothesis {irk) is satisfied with Ci (as in (10.7)) in place of C and (3 in place of j3, then it follows 
from assumption (Ai) (taken with C = Ci), (10.7), Hypothesis (★★), (10.5) and elliptic estimates 

that conclusion (a) holds provided e = €{n, q, a,T), (3 = f3{n, q, a,T) £ (0,1) are sufficiently small; 
if on the other hand Hypothesis (*★) is not satisfied with Ci in place of C and P in place of /3, 
then (? > 3, p > 6, Ci G Cq(ki) for some fci G {5, . . . ,p — 1}, and 

(10.8) QUCi)>PiQUki-l)f. 
Choose, in this case, a cone C2 G u'^lr^Cq{k) such that 

(10.9) QUC2)<liQUki-l)f 
and note that by (10.7), (10.8) and (10.6), we have that 

(10.10) Qy(C2) < 7^^; 
by (10.7), (10.5) and (10.8), we have that 

(10.11) |A^+i - A^l > pPQUki - 1), Wj+i - f^'jl > pPQviki - 1) 

for each i = 1,2, . . . ,pi — l and j = 1,2, . . . ,p2 — l; and since Qy^p—l) < (5y(/ci — 1), Hypothesis (**) 
implies that 

(10.12) QUC)<PiQviki)f- 

So again, if Hypothesis (★★) is satisfied with C2 in place of C and f3 in place of /?, it follows from 
(Ai) (taken with C = C2), (10.11), (10.12) and elliptic estimates that conclusion (a) holds provided 
e = e(n, q, a, r), (3 = (3{n, q, a, r) G (0, 1) are sufficiently small; if on the other hand Hypothesis (★★) 
is not satisfied with C2 in place of C and [3 in place of /3, then we may repeat the above argument 
in the obvious way. It is clear that at most p repetitions of the argument are necessary to reach 
the desired conclusion. 
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The rest of the assertions of the theorem follow from the argument, with obvious modifications, 
of [[Wic04], Lemma 6.20], which in turn is a minor modification of the proof of the corresponding 
result of [Sim93]. □ 

Corollary 10.2. Let q be an integer > 2, a e (0,1), r G (0,1/8) and jJL G (0,1). For each p G 
(0, 1/4], there exist numbers e = e(n, g, a, r, p) G (0, 1) G (0, 1), 7 = 7(71, g, a, r, p) G (0, 1) and j3 = 
f3{n,q,a,T, p) G (0, 1) such that the following is true: Let V G 5„, C G Cq satisfy Hypotheses 10.1, 
Hypothesis (*) with M = |Mq and Hypothesis Suppose also that the induction hypotheses 

(HI), {H2) hold, r/ien/or eac/lZ = (C^C^^?) Gspt||y||n(RxB3/8) with Q {\\V\\, Z) > q, 

(a) \C^\^ + El\e\^<C f dist2(X,spt||C||)d||y||(X). 

/ i^i"' tiJ5^t^"^ ^ll^'l^-^) ^ ^^"""'^^ / dist^(x,spt||c||)d||y||(x) 

where Tz : R"+^ ^ R"+^ is the translation X^X-Z. 



V / |».,(x^,)-(C^-^,OP j^2. 

f^jB,MC^r,)nW>rf.} \iwj{x^,y),x\y) - ie,e,vr+^-^ ^ 



< C/9-"-2+'^ / dist^ (x,spt ||c||)d||y||(x). 



Here C = C{n,q,a) G (0,oo) and C = C{n,q,a, p) G (0, 00). (In particular, C, Ci do not depend 
on T, p.) 



Proof. Let eo = eo(n, g, a,r), 70 = 7o(n, g, a,r), /?o = Po{n,q,a,T) G (0,1) be as in Theorem 10.1, 

and let the hypotheses of the corollary be satisfied for suitably small e, 7, f3 to be determined 
depending only on n, q, a and p. The proof of the corollary requires application of Theorem 10.1 
with Vz,piV in place of V for any Z = (C^C^^) G spt||y|| n (R x B^/s) with e(||y||,Z) > q. 
Thus wc need to show that it is possible to choose e, 7, /? depending only on n, g, a, p such that 
if Hypotheses 10.1, Hypothesis (**) are satisfied, and Hypothesis (*) is satisfied with M = |Mq , 
and if Z G spt ||y|| n (R x B^/g) with G (||y||,Z) > q, then Hypotheses 10.1, Hypothesis (★) and 

Hypothesis (irk) are satisfied with the varifold V = riz,p# V in place of V, with eo , 70, Po in place of 
e, 7, P respectively and with M = |Mq . If this is so, then the Corollary follows from the argument 
of [[Wic04], Lemma 6.21], which in turn is a minor modification of the corresponding argument of 
[Sim93]. 

Hypothesis 10.1(1) with V in place of V follows from Lemma 5.1; Hypothesis 10.1(3) with 
V in place of V and eo in place of e holds if e < p"^^eo. Hypothesis 10.1(4) with V in place 
of V is satisfied since by the Remark at the end of Section 8, we may choose e = e{n,q,a, p), 
7 = 7(n, q, a, p) sufficiently small to ensure {Z : (||F||, Z) > g} n (R x B1/2) C {\x'^\ < /9/128}. 

To verify that Hypotheses 10.1(5) is satisfied with V in place of V and 70 in place of 7, we 
proceed as follows: Note first that by arguing by contradiction, wc deduce from Remark (3) of 
Section 7, Theorem 3.4, the Remark at the end of Section 8 and the bounds (10.1), (10.2) that: 
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For any given 5 € (0,1), there exist e = €{n,q,a,6), 7 = '~f{n,q,a,6) G (0,1) such that if 
Hypotheses 10.1 and Hypothesis (★) with M = Mq are satisfied, then 

(10.13) \C'\^ + E^\C2\^ < 5E^ 

for each Z = {C^,(^,v) e spt ||V|| n (R x Sg/g). 

On the other hand, using Theorem 10.1(a) with r = p/32, we note first that for e = e{n, q, a, p), 7 = 
7(n, q,a, p), P = f3{n, q, a, p) G (0, 1) sufficiently small, 



/ \x'-C^\U\\V\\{X)> 

~i \JB,{c^,v)n{x^<-p/i6} JB,{c^,n}n{x^>p/i6} 

\JBp{C^,r,)n{x^<-p/16} JBp{C^v)n{x'^>p/16} J 

(10.14) > 2-"-3Ci I ^ |A,f + ) - p-^-'^^v - Cp-^\C 



-2|a1|2 



where = /j,^^^ dist^ (X, spt ||C||) d||F||(X), Ci = Ci(n) ^ /s,/,\{,2>i/ie} ^^^^^^"(ar^,^), 

C = C{n,q) G (0,1) and the rest of the notation is as in Theorem 10.1(a). If e = €{n, q, a, p), 
7 = ^{n,q,a, p) G (0,1) are sufficiently small, it follows from (10.14), (10.2) and (10.13) that 
Ey > CEv, C = C{n,q) G (0, 00). Using this. Theorem 10.1(a) and (10.13) again with sufficiently 

small S = 5{n, q, a, r) G (0, 1), we see that Hypothesis 10.1(5) is satisfied with V in place of V and 
7o in place of 7, provided 7 = j{n, q, a, r, p) G (0, 1) is sufficiently small. 

Now, to verify that Hypothesis (★) is satisfied with V in place of V and M = |Mq, reasoning 
again as in (10.14), we see that for any hyperplane P of the form P = {x^ = Xx^}, |A| < 1, 

/ dist^ {X - Z, P) d\\V\\{X) > 2-"-^Ci I V |A,- - + l/x,- - A| 



p—''Ei-cp-\'-xe? 



> 2-"-^Cidist^ (spt ||C|| n (R X 5i),Pn (R X Bi)) - ^p-''-^El - Cp-^K^ - AC^p 



>2-^'W{2q+l)-'C, [ dist^iX,P)d\\V\\{X) 

JuxBi 

(10.15) - {2-''-^io-\2q + ly^Ci + 2-^p-''-^) E^ - C p-\^ - AC^'^ 



where C = C{n,q) G (0, 00) and we have used the triangle inequality in the last step. On the other 
hand, noting, by the Constancy Theorem, that (ti;„(2p)"')~^ \\V\\ (R x -B2p(0, ??)) < g + 1/2 provided 
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e = €{n,q,p) G (0, 1) is sufficiently small, we see by (10.13) and the triangle inequality again that 



2 / \x'-e\'d\\V\\iX) 

< 2p-"-2||F||(R X B2pi0,ri))dist^ (spt ||C|| n (R x Bsp), {0} x B2p) + 2p-''-^E^ + Cp-^SE^ 
(10.16) < (2"+2^„(2g + l)cl + Cp-^S) + 2p-''-^El, 



where ci = ci(n) is as in (10.1). Since 



/ 



El < inf / dist^(X,P)d||y||(X) 



by hypothesis (of the present Corollary), in view of the fact that 



{P- 



inf / dise{X,P)d\\V\\{X)= inf _ / dis^ {X,P)d\\V\\{X) 

--{x^=Xx^]} JrxBi {P={a:i=Ax2}, \\\<CEv} JrxBi 



where C = C(n) G (0,oo), we deduce from (10.13), (10.15) and (10.16) that 

^2 ^ (2^"+^c^^(2g + Ifcj + 2"+V(2g + l)(2p-"-^7 + Cp-^6)) fMg 

^ - Ci - 2"+4w„(2g + 1) ((2-ip-"-2 + 2-^-^Un\2q + l)-iCi)7 + Cp-2<5) |M3 ^ 

X inf / dist'{X,P)d\\V\\{X) 
< |mo^ inf / dist2(X,P)d||F||(X) 



provided e = e(n, q, a, p), 7 = 7(n, q', a, p) € (0, 1) arc sufficiently small. 

It only remains to verify that Hypothesis (★★) is satisfied with V in place of V and /3o in place 
of p. So assume g > 3, C G Cq{p) for some p G {5, . . . , 2q} (else C G Cq(4) and there is nothing 
further to prove). For any C G U^'Z\Cq{k), we have by the definition of Qy(p — 1), the triangle 
inequality and Hypothesis {irk) that 



dist^ (spt||C'||n(Rx5i),spt||C||n(Rx5i)) > C {Q\.{p - l)f , C = C{n,q) G (0,oo), 
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and hence by Theorem 10.1(a), for sufficiently small e = e{n,q,a, p), 7 = j{n,q,a, p), (3 
P{n,q,a,p) € (0,1), that 



i 



dist^ (X,spt||C'||)d||y||(X) 



> E / dist^ {{h^{x\y) + u^{x\y),x',y) - Z,spt \\C' \\) dU'^ {x' , y) 

JBp{e,ri)\{x^<-p/W} 

+ E'^"""' / dist^ {{g^{x\y) + w^{x\y),x\y) - Z,spt ||C'||) dn^{x\y) 

p{ JB,{c^v)\{x^>p/ie} 

> tip"'"'' I d\st\{y{x\y)+u^{x\y),x\y),svi\\C'\\)d7e{x',y) 

+ E/^"""' / d\st\{gi{x\y) + nP{x\y),x^y),svt\\C'\\)d7e{x\y) 

j=\ ^Sp/2(0,r;)\{a:2>p/16} 

-C'p-\\C}\' + 5{C')\e?) 

> C {Q\,{p)f - p-^-'^El - C'p-'(ICT + '^(C')IC¥) 

(10.17) > \c {qUp - i)f - c'p-\\e\'' + 5(C0ICT) 

where C = C{n,q), C = C'{n,q) G (0, 00) and S{C') = distf^ (spt ||C'|| n (R x Bi),{0} x Bi) . 
Since E'l < Cp-"'-'^E^ where C = C{n, q) G (0, 00), we have that 

Qi(p-1)= inf Q^(C'), 

{C'eU^ZlC,(fe):6(C')<Cp-"-2E2} 

so it follows from (10.17) that 

(10.18) {Q^p-l)y >C{Q*y{p-l)f - C'p—\\C^f + El\e\^) 
where C = C{n,q), C = C'{n, q) G (0, 00). On the other hand, 



|(C) < p-"-2Q^(C) + Cp-\\e\' + i:^ |^2|2^ 

-n-2 1^^2 I /-> -2/|/-l|2 I ci2 |a2|2\ 



(10.19) < (Q^.(p - 1))^ + C,p-'{\C\' + Ei,m 

where Ci = C\{n,q) G (0, 00). Thus, the assertion that the hypotheses of the corollary (with 
sufficiently small e = e(n, q,a, p), 7 = 7(77,, q,a, p), (3 = /3(n, g, a, /?) G (0, 1)) imply Hypothesis (**) 
with y, /3o in place of V, f3 will be established by Claim 1 below, taken with any 5 = 6{n, q, a, p) G 
(0, 1) satisfying max{C' , l3^^Ci}p-"'^'^S < C/2, where C, C", Ci arc as in (10.18) and (10.19). 

Claim 1: Suppose that q > 3. For any given 6 G (0, 1), there exist e = e(n, q,a,6), ^ = 7(n, q, a, 6), 
f3 = f5{n, q, a, d) G (0, 1) such that if Hypotheses 10.1, Hypothesis (★) with M = Mq and Hypothe- 
sis (irk) are satisfied with V G Sa, C G Cq{p) for some p G {5, . . . , 2q}, then 

(10.20) |^1|2 + ^2|^2|2<^(Q*(^_-L))2 

for each Z = {C\e,v) e spt ||F|| n (R x Sg/g) with {\\V\\,Z) > q. 

To prove Claim 1, we first need the following: 

Claim 2: Suppose that q > 3 and let 5 G (0,1), 9 G (0,1). There exist ?= ?(n, g', a, 5, 0), 71 = 
7i(n, g, a, 5, 6), (3 = (3{n, q, a, (5, 0) G (0, 1) such that if p G {5, . . . , 2q}, C G Cq{p), V G 5^; Hy- 
potheses 10.1(l)-(4) hold with ?in place of e; Hypothesis (*) holds with M = Mq ; Hypothesis (**) 
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holds with P in place of (5; and if ((3^(4))^ < 7^2 and (Q^(p - 1))^ > 6 (^^(4))^ , then 

|CiP + ^^|C2p<<5(Q^(p-l)f 
for each Z = (C\C^,r?) G spt fl (R x B^/s) with 6 (||F||, Z) > q. 

Proof of Claim 2: Note first that our argument so far establishes the present Corollary in the 
special case when C G Cg(4). Taking in particular p = 1/4 in the argument so far, we have shown 
that there exist e" = e"{n,q,a), 7" = 'y"{n,q,a) such that if Hypotheses 10.1, Hypothesis (★) 
hold with e", 7" in place of e, 7; with M = Mq ; with V e Sa and with C G Cq(4), then for each 
Z G spt ||"\/||n(RxS3/8) with 6 (||y||, Z) > q, Hypotheses 10.1, Hypothesis (*) and Hypothesis 

hold with V (= '?z,i/4#^) place of V; with M = Mq and with eg, 70 in place of e, 7; so 
by arguing as in [[Wic04], Lemma 6.21], we may, in this special case (viz. when C G Cg(4)), 
complete the proof of the Corollary, and in particular obtain (by parts (a) and (c)) that for each 
r G (0,1/8), if Hypotheses 10.1, Hypothesis (★) and Hypothesis (*T*r) arc satisfied with sufficiently 
small e" = e"{n,q,a,T),y = 'y"{n,q,a,T) G (0,1) in place of e, 7, and with V G 5„, C G Cq(4), 
then for each Z = (C^C^^) ^ spt ||y|| n (R x Bg/g) with Q {\\V\\,Z) > g and /x G (0, 1), we have 
that 

(10.21) |C^|2+^2|^2|2 <(^^2^ 



Si 



{e,v)n{x^>T/4} \iwjix'^,y),x'^,y) - (C^ J?)!""^^"^ 



(10-22) +1:/,- . .... ,'i"ii':.'\^'^j:.^.-.. <'-'<'«iBi4 

j=l •'Bi/s.i 

where C = C{n,q,a),C = C{n,q,a,iJ.) G (0,oo), Ey = J^^^^ dist^ (X,spt ||C||) || (X) and we 
have used the notation of Theorem 10.1(a). 

Now, for each A; = 1, 2, . . . , let G (0, 1/8) be such that \ 0+. Suppose that Claim 2 is 
false. Then there exist numbers 5,9 E (0, 1), an integer p G {5, . . . , 2q}, and for each k = 1,2, . . ., 
a varifold Vk G Sa, a point Zk = (C^, -z^, r]k) G spt ||Vfc|| n (R x B^/s) with 9 (||Vfc.||, Z^) > g, a cone 
Cfe G Cq{p) such that Hypotheses 10.1(1), Hypotheses 10.1(2), Hypotheses 10.1(4), Hypothesis (*) 
are satisfied with Vj- in place of V, Cfc in place of C, M = Mq and with — > 0, 

(10.23) (q;J(p_1))-2q^^(C,)^0, 

E^'Qm ^ 0, 



(10.24) (QUp - l)f > 9 {Ql{4)f and yet 

(10.25) \Clf + El\Ckf>S{QUp-l))\ 

where we have used the notation Ek = Evf,, ^^(4) = Qy (4) and Q\{p — 1) = Qy {p — 1). 



For each A; = 1, 2, ... , choose G Cq{A) such that {Qy^{Ck))^ < | {Qv^^^)") ■ passing to 
appropriate subsequences without changing notation, we have by (10.21) and (10.22) that for each 
k = l,2,..., 

(10.26) \Cl\' + El\Cl\'<CEl 
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where C = C{n, q, a) G (0, oo), and for each /j, G (0, 1), 



'■2M2 



^ ^ ^ ^ ^4/s(C^..)n{.^>../4} \iw^{x^y),x^y) - (C^, C|, - 



where C = C{n,q,a,fj,) G (0,oo). Here, ii;^ = J^^^^^ dist^ (X,spt ||Cfe||) (i||yfc||(X); for each j G 

{1, 2, . . . ,q} and = 1,2,..., the functions u^, tt;j^ correspond to Uj, wj of Theorem 10.1(a) when 

Vk, Ck are taken in place of V, C, and the numbers , Jij correspond to /J-j of Hypothesis 10.1(2) 

when Cfc is taken in place of C. Thus > A2 > • • • > A^, Mi < /J2 ^ • • • ^ ^^^^ by (10.1) and 
(10.2), 

(10.28) cEk<ma^{\x\\,\l\}<ciEk, cEk < ma^{\Tii\,Jig\} < ciEk 

where ci = ci(n),c = c{n,q) G (0, 00) are as in (10.1) and (10.2). 

Writing Qk = Qvui^k)-, we see by Theorem 10.1(a) and elliptic estimates that for each j G 
{1,2,..., q}, there exist harmonic functions ipj : ^ {-^^ < 0} ^ R, ijjj : -B1/2 H {x^ > 0} R 
such that Qk^u^j 'Pj, Qk^''^j ~^ '^j where the convergence is in C'^{K) for each compact subset 
K of the respective domains. By (10.23), Q^^QkiCk) 0, which implies that (pj{x'^,y) = XjX^ for 
(x^,j/) G Si/2n{a;^ < 0}, tpj{x'^,y) = Jljx"^ for {x'^,y) G Bi/2^{x'^ > 0}, where \j, JIj are constants. 
We find a point ry G {0} x R"~^ and, by (10.26) and (10.28), numbers ki, K2, ii, . . . , iq, rni, . . . , niq 
such that, passing to further subsequences without changing notation, rjk — ^ rj, Qk^Ck ~^ '^i' 
Qk^EkCl -> 1^2, E^^>^j and ^^Vj mj. We deduce from (10.27) that 



\X,x' - - dxHy 



/8(0,r,)n{a;2<0} (|x2|2 + |y _ ry^) — 



^ - (ki - mjK2)P 

n.+2- 

- -.i/s(0,r7)n{a;2>0} (|x2|2 + \y - r?|2)~ 



i=i -^^1/ 



which readily implies that ki — ljH2 = and ni — mjK2 = for each j = 1, 2, . . . , g. Since by (10.28) 
at least one of £i, . . . ,£q is non-zero, we must have that ki = K2 = 0. This however contradicts 
(10.25), establishing Claim 2. 

Note that case p = 5 of Claim 1 follows from Claim 2 with p = 5 and 9 = 1. To see the general 
case of Claim 1, suppose that g > 3, fix any p G {6, . . . , 2q} and assume by induction that: 

(A2) Claim 1 with any p' G {5, . . . ,p — 1} in place of p is true; i.e. if g > 3, then for each 
6 G (0,1), there exist e' = e'{n,q,a,5), 7' = j'{n,q,a,S), (3' = P'{n,q,a,5) G (0,1) such 
that whenever p' e {5, . . . ,p— 1} and Hypotheses 10.1, Hypothesis (★), Hypothesis (**) are 
satisfied with V e Sa, C G Cq{p') in place of C, M = and with e', 7', (3' in place of 
e, 7, /3 respectively, it follows that 

\C'f + E'v\e\'<S{Q*v{p'-'^))" 
for each Z = (C\C^,r?) G spt ||y|| n (R x ^3/3) such that e(||y||,Z) > q. 
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Let C G Cq{p), V G Sa, S G (0,1) and suppose that Hypotheses 10.1, Hypothesis (*) and 
Hypothesis are satisfied with M = |Mq and with e, 7, P to be determined depending only on 
n, q, a and S. Let e', 7', /?' be as in (A2). To establish Claim 1, we need one further fact: 

Claim 3: Suppose that q> S and let (5 G (0, 1) • There exist ?i = ?i (n, q,a,S),ji =71 (n, q,a,S),Pi = 
Pi{n,q,a,S),^i = 7i(n, g, a, (^), /3i = Pi{n,q,a,S) G (0,1) such that if p G {6,...,2g}, (A2) 
holds, Hypotheses 10.1, Hypothesis (★), Hypothesis (**) are satisfied with V G Sa, C G Cq(p), 
M = Mq and with ?i,7i,/3i in place of e,/3,7 respectively, and if ((3y(p — 1))^ < 71-E'y and 
(Qt^(p-l))'</3i (Q^(p-2))^then 

\Clf + E^\C2\^<S{Q'yip-l)f 

for each Z = (C^C^^?) e spt fl (R x fi^/g) with 6 (||F||, Z) > q. 

Proof of Claim 3: Argue by contradiction in a manner completely analogous to the proof of Claim 
2. Thus we need to blow up an appropriate sequence {V^} C Sa relative to a sequence of cones {C^} 

with Cfc G Cq{m) for some m £ {4, . . . ,p — 1}, chosen such that [Qv^{Ck))'^ < | (Qy^^ip — 1)^ • 

To establish, in this case, the key estimates corresponding to (10.26) and (10.27), we only need to 
observe the following: We may complete the proof of the present Corollary (with p = 1/4) in case 
C G Cq{m) for some m G {4, . . . ,p—Y\ by arguing as in [[Wic04], Lemma 6.21], with the help of the 
induction assumption (A2) and the part of the proof of the present Corollary up to the estimate 
(10.19). 

With the help of Claim 2 and Claim 3, we can now show that (A2) implies Claim 1. 

Proof of Claim 1: As pointed out before, case p = 5 of Claim 1 follows from Claim 2. Suppose 
that g > 3, let p G {6, . . . , 2q} and assume by induction the validity of (A2). Let 5 G (0, 1), and 
7i = 71(^1-7 ct) 5)) /3i = lii{n-,q-,oi,5) be as in Claim 3. Define constants /32,...,/32q (depending 
only on n, q, a, 5) recursively by setting 

for J G {2, . . . , 2g}, and constants 72, ... , 72^ (also depending only on n, g, a, 5) by 



for j G {2, ...,2(7}, where 7', j3' arc as in (A2). Set (5 = H^l^^/Jj- and 7 = n^li7j. Let 7^ = 
7(n, g, a, (5, (3) where 7 is as in Claim 2. 

Let C G Cq{p) and V £ Sa- Consider the following exhaustive list of alternatives: 
(a) {Q\.{p-l)f > p77i^^ 

(bi) {Q*y{p-l)f < |m^^and(Q^>(p-l))2 < p,{Q*y{p-2)f. 

{h2)q>A,pe{7,...,2q},{Q*y{p-l)f < j-^.E^, {Q*y{p - l)f > A (Q^(p - 2))^ and 

(hs) q > 4, p G {8,...,2q}, {Q*y{p-l)f < ^-^.E^, {Q\.{p - l)f > {Q*yip - 2)f , 
{QUp-2)f > /?2(g^(p-3))2and(Qt'(p-3))' < iQ*viP - ■ 
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(bp-5)(Q^(p-l))' < |/377i^y,(Qy(p-l))' > Pi {Q*y{P - , (QviP - > /32 (Qt.(p - 3))^ 
iQUp-^)f > /?3(Q^(P-4))^...,(Q^,(6))' > /3p_6(Q^(5))'and(Q^(5)f < /3p_5 (Q^(4))^ 

ic){Q*y{p-l)f < l'PTfiEl,{QviP-'^)f > A(Q^(p-2))^(Q^(p-2))2 > (32iQUp-3)f, 
{QUp-^)f > /?3(Q^(P"4)f,...,(Q^(6))' > /3p_6(gt'(5))'and(Q^(5)f > /3p_5 (Qi^(4)f . 

Claim 1 in case alternative (a) holds follows from the assertion (10.13); Claim 1 in case alternative 
(bi) holds follows from Claim 3; Claim 1 in case alternative (b2) holds follows from the induction 
assumption (A2) applied with C G U^=4Cg(A:) chosen such that Q^(C') < | {Qv{p — 2))^ and with 
^SPi{n,q,a,5) in place of S; similarly, Claim 1 in case of any of the alternatives (b3)-(bp_5) holds 
follows from an application of (A2); Claim 1 in case alternative (c) holds follows from Claim 2 
applied with 6 = p. Thus the inductive poof of Claim 1 is complete. 

We may now complete the proof of the Corollary by arguing as in [[Wic04], Lemma 6.21]. □ 

Remark: Note that the proof of Corollary 10.2 establishes that corresponding to each e, 7, /3 G 
(0, 1/2) and p G (0, 1/2), there exist e = e{n,q,a,p,e) G (0, 1/2), 7 = ^{n,q,a,p,^) G (0, 1/2), P = 
f5{n, q, a, p, f3) G (0, 1/2) such that the following is true: Let V E Sa and C G Cq. If Hypotheses 10.1 
are satisfied with 7 in place of e, 7 respectively, Hypothesis (*) is satisfied with M = |Mg and 
Hypothesis (*★) is satisfied with (3 in place of /3, and if the induction hypotheses (HI), {H2) hold, 
then, for each Z G spt \\V\\ n (R x B^/g), Hypotheses 10.1, Hypothesis (*) with M = |Mq and 
Hypothesis (*★) are satisfied with r)z,p# V in place of V. 

Lemma 10.3. Let q be an integer > 2, a G (0, 1), 6 G (0, 1/8) and p G (0, 1). There exist numbers 
ei = ei(n, g, a, (5) G (0,1), 71 = 7i(n, q', a, (5) G (0,1) and Pi = Pi{n,q,a) G (0,1) such that the 
following is true: IfV^Sa, C £ Cq satisfy Hypotheses 10.1, Hypothesis (-k) with ei, 71 in place of 
e, 7 respectively and with M = |-Mq, and if the induction hypotheses {HI), {H2) hold, then 

(a) S^+HO,y) n{Z : @ (||F||,.^) >q}^$ for each point (0,y) G {0} x n 

(b) If additionally V, C satisfy Hypothesis (irk) with Pi in place of P, then 

I dist2(X,spt||C||)d||F||(X) 

<Cia^-^ [ dist2(X,spt||C||)d||y||(X) 

for each a G [5,1/4), where Ci = Ci{n,q,a, p) G (0, 00). (In particular Ci is independent 
of S and a.) 

Proof. If part (a) were false, then there exist a number 6 G (0, 1/2) and a sequence of varifolds 
{Vk} C Sa', a sequence of cones = Yl'j=i \ + l^jl ^ where, for each k, H^ = {{x^,x'^,y) G 
R'^+i : < and x^ = Ajx^}, G'] = {{x\x'^,y) G R"+^ : x^ > and = p'^x'^}, with 
Xi > X2 > ■ ■ ■ > Xq and Pi < P2 < ■ ■ ■ < Pq', and a sequence of points (0, y^) G {0} x R"^^ n B1/2 
with 5^+^(0, i/fc) n{Z : Q (||Vfc||, Z) > = such that Hypotheses 10.1 (1), (2), (4) arc satisfied 
with Vfc, Cfc in place of V, C; Hypothesis (★) is satisfied with M = |Mq and 14 in place of V; 
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Ek = Ev, ^ ^/rxBi Wd\\Vk\\{X)^Q and 

Ef I dist2(X,spt||14||)d||Cfc||(X) 
iRx(Bi/2\{|x2|<l/16}) 

(10.29) + Ef ( dist2(X,spt||Cfe||)d||Ffe||(X) ^0. 

After passing to a subsequence without changing notation, (0, yk) — ^ (0, y) for some point (0, y) G 
{0} X R"-i n 5i/2, and hence 

5-+H0,y)n{Z : e(||yfe||,Z)>g} = 

for all sufficiently large k. This implies, by Remark 3 of Section 7, that for all sufficiently large 
k, 7^"-7+7 (sing 14 L(S^/+H0>y)) = for each 7 > if n > 7, and singF*. L(5^/+\0, y)) = if 
2 < n < 6, so by Theorem 3.4 and elliptic theory, 

q 

(10.30) L (R X %4((0,y))) = Ig^^ph^l 

i=i 

for all sufficiently large k, where G (7°^ (i?^/4(0, y)) , < -u^ ^ • • • ^ -B5/4((0,y)) and 

■u^ are solutions of the minimal surface equation on i?5/4((0, y)) satisfying, by standard elliptic 
estimates, 

sup \D^u]\<CEk 

Bs/i6{o,y) 

for £ = 0, 1, 2, 3 and j = 1, 2, . . . , ^, where C = C{n,S). Passing to a further subsequence without 
changing notation, we deduce that for each j = 1, 2, . . . , g, E^^Uj vj in {Bg/iQ{0, y)) where 
Vj are harmonic in Bg/iQ{0,y) with vi < V2 < ■ ■ ■ Vq on 3^/1^(0, y). By (10.29), we see that 



and 

Bs/i6{0,y)n{x'^<0} 



'"j\Bs/ie{0,y)n{x^>0} - 9j\Bs/i6{0,y)n{x^>0} 

where hj and gj are linear functions of the form hj{x^,y) = XjX^, gjix"^, y) = Jijx"^, with Xj,]lj G R, 
Xi > X2 >■■■>. Xq and Ml < /i2 < • • • < P'g By the maximum principle, we conclude that 
Xj = Jlj = X for some A G R and all j = l,2,...,q. Therefore, by (10.29) again, we see that 
the coarse blow-up (in the sense of Section 5) of {^4} and that of {C^}, are both equal to the 
hyperplane = Xx^. But this is impossible in view of (10.2) so the assertion of part (a) must hold. 

To see part (b), argue as in [[Sim93], Corollary 3.2 (ii)], using the fact that for any X G R""^^, 

I dist (X, spt 1 1 C 1 1 ) - dist (X, spt 1 1 # C 1 1 ) | < maxi<j <g max { | Z^^i | , | Z^^i | } 

and that by (10.1) and Corollary 10.2(a), \Z^"j\^ ,\Z^°i\^ < C /j^^^^ dist^ (X, spt ||C||) d||y || (X), 
C = C{n,q,a) e {0,00). ' □ 



11. Blowing up by fine excess 



Consider sequences of varifolds Vk G Sa and cones Cfc G Cq such that, for each k = 1,2, . . . , with 
Vfc, Cfc in place of V, C respectively. Hypotheses 10.1 hold with e^, 7^ in place of e, 7; Hypothesis 
(*) holds with M = |Mq and Hypothesis (★★) holds with Pk in place of (3, where {efc}){7A:} and 
{Pk} are sequences of numbers such that ek,'yk, Pk 0"*". Thus, for each A; = 1, 2, . . . , we suppose: 
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(Ifc) 6(111411,0) >g, {2un)-^Vk\\{B^+\0)) <q+l/2, u;-^Vk\\{n x Bi) < q + 1/2. 
(2fc) Cfe = l-ffj I + \Gj\ where for each j G {1,2, ... is the half-space defined by 

= {{x^,x^,y) G R"+^ : a;2 < and = \^x^}, the half-space defined by Gj = 

{{x^,x'^,y) e R"+^ : > and x^ = /x^x^}, with A^,/x^ constants, > A2 > . . . > 

and Hi < IJ,2 < ■ ■ ■ < fJ'q- 
(3fc) Ek = < ^ kTd|l'l4.||(X) < efc. 

(4fc) {Z : e (lll^ll, Z) > g} n (R X {By^ \ {\x^\ < 1/16})) = 0. 
(5fe) E^"^ {Qk{Ck)f < Ik where 



{Qk{Ck)f = {Qv,{Ck)f = ( I 6xse{X,s^i\\Vu\\)d\\Ck\\{X) 

\7Rx(Bi/2\{|x2|<1/16}) 

+ / disi\X,svt\\Ck\\)d\\Vk\\{X)\. 
JnxBi J 

(6fc) 

El < inf / dist''{X,P)d\\V\\{X). 

(7fc) Either (i) or (ii) below holds: 

(i) Ck e C,(4). 

(ii) g > 3, Cfc G Cq{pk) for some pk e {5,6,... , 2q} and {QD ^ {Qk{Ck)f < Pk where 
{Qtf = {Q*vM-^)) = ( / dist\X,spt\m)d\\C\\{X) 

/ dist2(X,spt||C||)d||yfc||(X)y 



+ 

Let Ek = ^/rxBi dist^ (X,spt \\Ck\\) d\\Vk\\{X), so that by (5^), 

(11.1) E^^Ek ^ 0. 

Note also that in case Cg(4) except for finitely many k, we have by (3^) and (5^) that 

Let {5fc},{rfc} be sequences of decreasing positive numbers converging to 0. By passing to 
appropriate subsequences of {Vfc}, {Cfe}, and possibly replacing with a cone C^, G with 
spt ||Cy| = sptCjt without changing notation (see Remark (2) following the statement of Hypoth- 
esis (★*)), we deduce, for each A; = 1, 2, ... , the conditions {Ak)-{Ek) below: 

(Afc) By Lemma 10.3, 

(11.2) B-+\0,y)n{Z : Q m\\, Z) > q} ^ $ 
for each point (0, y) G {0} x R"~^ n B1/2 and 



(11.3) / dist\X,spt\\Ck\\)d\\Vk\\{X)<Ca'/^El 

7s"+if0)nllfa;i a;2)l<(T> 



lB'^+\0)n{\{x\x^)\<a} 
for each a G [(5fe,l/4), where C = C{n,q,a) G (0, 00) 
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(Bfc) By Theorem 10.1(a), 

9 

(11.4) Vk L(R X (5i/2 \ {\x'\ < Tfe})) = Igraph {h] + u])\ + |graph {g^^ + u;^^)| 

j=i 

where hfj-,g^ are the linear functions on R" given by hj{x^,y) = A^x^, g^{x^,y) = //^x^, 
u^j G C2(5i/2 n {x2 < -Tfc}), ^i;^^ G C2(5i/2 H {x2 > rj) with h^. + and + 
solving the minimal surface equation on their respective domains and satisfying h\ + 
u\ < h2 + U2 < ■ . . < h^q + Ug, gi + Wi < g2 + W2 < ... < gq + Wq, dist {{h^-{x^,y) + 
u]{x\y),x\y),^Vi\\Ck\\) = {I + {X]f)-^'^\u){x\y)\ for {x\y) G n {x^ < -t^} 
and dist((5j^(x2,y) + u;j^(x2, y), x^, y), spt ||Cfc||) = (1 + {iJlf)-^/'^\w^j{x'^,y)\ for (x^j/) G 
Bi/2 n {a;2 > Tfc}. 

(Cfe) For each point ^ = (C^C^??) € spt||Ffe|| n (R X %«) with e(||Ffc||,Z) > by Corol- 
lary 10.2(a), 

(11.5) lcT + 4'IC'l'<c£;| 

where C = C(n, (7, a) G (0, co). 
(Dfe) For each point Z = (C\C^,??) G spt ||Vfc|| n (R x ^3/3) with 6 (||Vfc||, Z) > g, each G (0,1) 
and each p G (0, 1/4], by Corollary 10.2(c), 

V / \u]{x\y)-ie-x)er 

^A,/.(C^.)n{x2<-r,p} |(n^^(x2,y),x2,y) - (C^C^??)l"+'-^ 

A /• |^fc(^2^^)_(^l_^fc^2)|2 



'Sp/2(C^r,)n{a:2>rfcp} \{w j {x"^ , y) , x"^ , y) - {C,^ , C , ri)^ 
(11.6) <Cip-"-2+"/" dist2(X,spt||Cfe||)d||Ffe||(X) 



where Ci = Ci(n, a, //) G (0,oo). 
(Efc) By (10.1) and (10.2), 

cEk < max{|A^|, |A^|} < ci^jt, cEk < max{|/xj|, < aEk and 

(11.7) min{|A?-A^^|,|M^-/i^|}>2c4 
where ci = ci(n) G (0, 00) and c = c(n, g) G (0, 00). 

Extend Uj, Wj to all of S1/2 H {x^ < 0} and i?i/2 H {x^ > 0} respectively by defining values to 
be zero in B1/2 H {0 > x^ > —Tk} and B1/2 n {0 < x^ < r/j} respectively. 

By (11.7), there exist numbers (j,mj for each j = 1, 2, . . . , g with 

c < max < ci, c < max {|mi|, |mq|} < ci and 

(11.8) mm{\£i - £q\,\mi - mg\} >2c 

such that after passing to appropriate subsequences without changing notation, we have 

(11.9) E^^X^ ij and V)' ^ 

for each j = l,2,...,q. By (11.4) and elliptic estimates, there exist harmonic functions ipj : 
Bi/2 n {x^ < 0} ^ R and ipj : B1/2 n {x^ > 0} ^ R such that 

(11.10) E-\';^ipj and E^^w^j^i^j 
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where the convergence is in C'^[K) for each compact subset K of the respective domains. From 
(11.3), it follows that 

iSi/2n{0>i;2>-o-} J Bi/2n{0<x^<a} 

for each a G (0, 1/4), where C = C'{n, q, a) e (0, oo), and hence that the convergence in (11.10) is, 
respectively, also in {B1/2 n {x^ < 0}) and {B1/2 n {x"^ > 0}). 

Set ip = {(pi,ip2, ■■■,V>q) and = {i/ji,tp2, ■ ■ ■,4'q)- 

Definition: Let ip : B1/2 n {x^ < 0} ^ and ijj : B1/2 n {x^ > 0} ^ R'' be a pair of functions 
arising, in the manner described above, corresponding to: (i) a sequence of varifolds {V^} C 5^ and 
a sequence of cones {Cfc} C Cq satisfying the hypotheses (Ifc) — (7^) for some sequences of numbers 
{^k}, {lk}j {Pk} with €k,^k(^k 0+ and (ii) sequences {^fc}, {r^} of decreasing positive numbers 
converging to zero such that (11.2), (11.3), (11.4) and (11.6) hold. We call the pair {ip,tp) a fine 
blow-up of the sequence {V^} relative to {C,fc}. 

Definition: Let be the collection of all fine blow-ups (</?, such that the corresponding 
sequences of varifolds Vk G Sa satisfies condition (6jk) with Mq in place of Mq ; thus we assume the 
stronger condition 

El^<^M^ inf /" dist^{X,P)d\\Vk\\{X), /c = l,2,3,... 
in place of {6k) for any sequence {V^} C 5^ giving rise to a fine blow-up belonging to B^. 
12. Continuity estimates for the fine blow-ups and their derivatives 

Let ((^, V') € Here we first use estimates (11.5) and (11.6) to prove a continuity estimate 
(Lemma 12.1 below) for {(p,ip). We then use it to establish the main result of this section (Theo- 
rem 12.2), namely, the continuity estimate for the first derivatives of (<^, V')- 

Lemma 12.1. If{ip,iJ;) G B^ , then 

ip e C°'^ (%i6 n {x2 < 0}; R^), ^ G C°'^ (S5/16 n {x^ > 0}; R«) 

for some (3 = j3{n, q, a) G (0, 1) and the following estimates hold: 

, ,2 \ip(x) - ip(z)\'^ 

sup \ip\^ + sup '^^ ' 



<cl[ M^+Z 



I ,|2 ^ |V>(a;) -V>(z)|- 

sup IV'I + sup — — — zm~^ 



\x — z\ 




•B5/i6n{a:2>0} x,2;eB5/i6n{a;2>0},x^ 

< C 

Here C = C{n,q,a) G (0, oo). 

Proof. By the definition of fine blow-up, there arc sequences {Vk} C Sq., {Ck} C Cq and sequences of 
decreasing positive numbers {e^}, {'Jk}, {Pk}, {Sk}: {Tk} ^oi which all of the assertions of Section 11 
hold, with in place of in (6fe). 
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Let Y G {0} X R""^ n S5/16 be arbitrary. By (11.2), for each k = 1,2,3,..., there exist 
Zk = (C^C2^^^) e spt||Vfc|| with e(||yfc||,Zfe) > q such that Zk ^ Y. Using (11.3), (11.5), (11.6) 
(with C,i,C,2^rf in place of Ci)C2)'? and = 1/2) and (11.9), we deduce that for each p G (0, 1/4], 



V- ( \^i{x)-{K,{Y)~iMy))? . 

. U_Vln+3/2 



j=1 ^Sp/2(y)n{^2<o} |X - y|"+3/2 

+ X ■ , |V>,(x)-(Ki(y)-m,/.2(l^))P ^^ 



j=lJBp/^{Y)n{x^>0} 



\X — ^l'i+3/2 



(12.1) < Clp-"-^/2 / /• |^|2 ^ /■ |^|2 

\ JBp(y)n{a;2<0} JBp{Y)n{x'2>0} 



where Ci = Ci(n, q, a) G (0, 00) and we have set 



(12.2) K,{Y) = hm E-\t K2{Y) = hm E-'E^CI 

fe— >oo k^QO 

both of which hmits exist after passing to a subsequence of the original sequence {k}. Note that 
by (11.5), 

(12.3) \ki{Y)\,\k2{Y)\<C, C = C(n,(/,a) G (0,00). 

Note that our notation here is appropriate, and the limits in (12.2) indeed depend only on Y 
and are independent of the sequence of points converging to Y; this follows directly from the 
finiteness of the integrals on the left hand side of (12.1) and the fact that, by Lemma 9.1, at least 
two of the £j^s and two of the m^'s are distinct. 

For F e {0} X R"-i n B^/iq and each j = l,2,...,q, define 

(12.4) ^jiY) = Ki{Y)-i^K2iY) and il;j{Y) = ki{Y) - m^K2(Y). 
Then by (12.1), 



a-" ( / \^ix) - ip{Y)f dx + [ li^ix) - iPiY)f dx 

\JBa{Y)n{x^<0} J B„{Y)n{x'2>0} 

(12.5) <cJ-Y'p--([ M'+/ 

VP/ Wsp(y)n{i;2<o} Je 



j> <x-^-^^j ^ Bp{Y)n{x^>0} 



ioT < a < p/2 < 1/8. Next we argue that indeed we have 

\^{x) - ipiY)\^ dx + f \^x) - ^{Y)\^ dx 

\JBa{Y)n{x'^<0} J B^{Y)n{x'^>0} 

(12.6) <cJ-Y\-([ |^_<^(y)|2+ /■ 

\Pj \JBp{Y)n{x^<0} JBpiY)ni 



x^>0} J 

for each < cr < p/2 < 1/32 and for the same constant Ci = Ci{n,q,a) G (0, 00) as in (12.1) and 
(12.5). To see this, let Vk = VZk,i/4#Vk, where G spt||Vjk|| is such that (|| Vjk||, Z/;) > q and 
Zk Y. Then by the Remark following the proof of Corollary 10.2, after passing to a subsequence 
without changing notation, hypothesis (l)fc-(7)fc are satisfied with in place of I4 for each k. Let 
the fine blow-up (of a suitable subsequence) of Vk (relative to the same cones Cfe, and numbers 6k, Tk 
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as associated with {Lp,tp)) be {(fijip). Then (since (||Vfc||,0) > q), we have that fj{0) = = ipj{0) 
for each j = 1, 2, . . . , g, and hence by (12.5) (with ip, if) in place of ip^ tp and in place of 1"), 



a"" ( / \^{x)fdx + / \^{x)fdx 



(12.7) <cJ-Y'p--([ mx)f+[ mx)fdx]. 

for < cr < p/2 < 1/8. However, since 
FfcURx (Si/2\{|x2| >2rfe})) 

= ^ Igraph (h^^ + 4 o Tk - (Ci' - A^^Cl))l + Igraph {g^ + w"; o - {(^ - /.^^Cl))l 

where : R" — is the map x jx + (^2 , Vk)-, we see that for each j = 1,2, . . . ,q, 

^pjix) = (^cpj (y + - ^j{Y)^ and ipj{x) = (v,' + - V-^li^)) 



where = (ll<^.(^ + KO) " '^.■(^) 1 1 1^(5^) + + KO) " V', (1^)11^2(5^)) • By (12.7), this 

readily implies (12.6). 

To complete the proof of the lemma, we follow the argument of Lemma 4.3. Consider an arbitrary 
point G -S5/16 n {x^ > 0} and let p G (0, 1/16]. Denote by z~ the image of under reflection 
across {0} x R"^^. Letting Y G {0} x R""^ be the point such that \z^ — Y\ = \z^ — Y\ = 
dist(2;+,{0}xR"-i), and with 7 = 7(71, g, a) G (0,1/16] to be chosen, if dist (2;+, {0} x R"-^) < jp, 
then 



(7p)-M/ \ip-^{Y)\'+f \4^-4^{Y)\ 

\JB^p{z-)n{x^<0} J B^p{z+)n{x'^>0} 

< 2-(7p + \z- - Y\)-- if \<p- <^(y)|2 + / 



\p-\z -Y\ ) \JB.^._^.{Y)n{x^<o} 



+ [ \^-^{Y)f 

JB^_^^+_^^iY)n{x^>0} 

(12.8) <rc^(-^Y\-^[ [ |^_<^(y)|2+/ \i^-^{Y)\ 

\l-7/ \JBp(z-)n{x'2<0} JBp(z+)n{x2>0} 



( 1 

Choosing 7 = 7(71, q, a) G (0, 1/16] such that 4"Ci [jh,] < 1/4, we deduce that 



(7p)-M/ \^-^{Y)\'+[ \i^-^{Y)n 

(12.9) < 4-V-" ( / |¥' - v{Y)f + [ 1^ - ^(F)| 

V JB„U-)n{a;2<0} JB„(z+)n{x^>0} 
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for any z+ G Br^/^QCilx"^ > 0} and p € (0, 1/16] provided 7p > = \z~ ~Y\ = dist (z+, {0} x 

R"~^). If on the other hand jp < dist (2;+, {0} x R"~^), since ip and -(/; are harmonic in B1/2 n {x^ < 
0} and Bi/2 H {x^ > 0} respectively, we have for each a G (0,1/2] and any constant vectors 
b+,b- G R«, 

(12.10) < C7c72(7p)-" ( / \^-b-f+ [ l^p- I 

\Jb^p{z-) JB^p{z+) J 

where C = C(n) G (0, 00). 

Given any z+ G fl {x^ > 0}, let G {0,1,2,...} be such that 7-'*+^ < dist(z+,{0} x 

j^n-i) < Then, with y G {0} x R"-i such that |z+ - F| = dist {z+, {0} x R"-^), by (12.10), 



(12.11) < Ca2(7^*+i)-" I / Iv^ - ^{Yt + / 



\i,-^{Y)\ 

-i(^-) 

for any a G (0, 1/2], and if > 1, by (12.9), 

(7^')-"(/ \^-^{Y)\'+[ |V'-V'(m 

< 4-1(7^-1)- ( /■ |<^_^(y)|2+ f 



|2 



{z+)n{x2>o} . 



(12.12) < 4-0--i)7-" ( [ I'P- 'piY)f + / 

\JB^(z-)n{x'^<o} Je 



\i,-^{Y)n 

B-^{z+)n{x^>0} J 

for j = 1, 2, . . . If > 1, taking j = in (12.12) and a = 1/2 in (12.11), we see by the triangle 
inequality that 

\^iz-)-^{Y)\' + \^P{z+)-^^JiY)\' 

< C4-(^-i)7- I / ^(y)|2 + / IV. - V;(y)|2 ) 

\JB^{z-)n{x'^<0} JB^{z+)n{x^>0} J 

where C = C{n,q,a) G (0, 00), and hence by (12.12) and the triangle inequality again that 

iV'-V'(^+)n 



s^,(z+)n{x-2>o} 



(y)-"( / \^-v{z-)\^+ j 

\JB^j(z-)n{x^<o} Je 
(12.13) < CA-^-'h-- [j ^{Y)\^ + / 

\j B^{z-)r\{x'^<0} JE 



\^-^{Y)Y 

S-,(2+)n{a;2>0} 
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for j = 1,2,... where C = C{n,q,a) G (0,oo). With the help of (12.11), (12.12) and (12.13), 
we deduce that for any given z"*" G B^jiQ n {x^ > 0}, 



\JBp(2-)n{a;2<0} JBp{z+)r\{. 

(12.14) < Cf?^ [ [ \ip\^ + [ 

\JBu2n{x'^<0} JBi 



|V'-V(^+)|2 



/2n{a:2<0} JBi/2n{x^>0} ^ 



for all p £ (0,7], where C = C{n,q,a) £ (0, 00) and (3 = j3{n,q,a) G (0, 1), by considering, for any 
given p G (0,7], the alternatives 2p < 7^+^, in which case p = aj^*'^^ for some a G (0, 1/2] and we 
use (12.11) and (12.12) with j = j^, or 7-'+^ < 2p < 7-^ for some j G {1,2, . . . in which case 
we use (12.13). Note that here we have also used (12.5) with a = 7 and p = 27. The conclusions 
of the lemma follow readily from (12.14). □ 

Theorem 12.2. // {ip, ip) G , then 

<peC^ (Bi/4n{ar2 <0};R«), ^ G (B1/4 n {x^ > 0}; R«) 

and the following estimates hold: 

sup \Dip\^ + sup ' P 



Bi/4n{a;2<0} a;,26Bi/4n{a;2<0},a;^2 



\X — Z\ 



<c([ 



,^,,2 iL'^(x) - r>v(2) 

sup |£'V'r+ sup ' \^ — 



Bi/4n{a;2<0} a;,2e-Bi/4n{a;2<0}, 3:7^2 

< 



\x — 2; 



\JBi/2n{a;2<0} JSi/2n{a;2>0} 



|2 



iifere C = C{n,q,a) G (0, 00). 



Proof. By the definition of ^B"^, there are sequence {V^} C 5a, {Cfc} C Cq and sequences of decreas- 
ing positive numbers {cfe}, {7fc}, {<Jfc}, {t^} for which all of the assertions of Section 11 hold, 
with Mq in place of Mq in condition (6^). 

By (3.1), 

(12.15) / V^^'x^ ■V^''Qd\\Vk\\{X)={) 

for each k = 1,2,... and any ( G C^(R x Bi). Let r G (0,1/32) be arbitrary. Choose any 
C G C2(S3/8) with ^ = in {\x^\ < 2r}, and set Ci{x\x^,y) = Q{x^,y) for {x^,x^,y) G RxSi/2. 
Let C G C'g(R X -B3/8) be such that ^ = in a neighborhood of spt ||Vfc|| fl (R x B^j^) for all 
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A; = 1, 2, .... By (12.15) and (11.4), for all sufficiently large k, 

[ v^'^x^-v^HdllFfeiKX) 

jRx(B3/8n{|x2|<2T}) 



+ V / Jl + \D{h^ + u'^)\^D{h'; + u)) ■ DC dx 



7B3/8n{x2<-2r} 
Q 



tf 



(12.16) + y / Jl + \D{g'^+w^)\'^D{g'' + w'')-DCdx = 0. 



Since ^ = m a neiff hborhood of spt || Vfc|| n (R x 3^2) and ^ = in {\x^\ < 2r}, it follows 
that 



^Rx(B3/8n{|a;2|<2T}) ^Rx(B3/8n{|a;2|<2r}) 

n+1 „ 

<sup|i^ClE / lef^ldimiX) 

^7Rx(B3/8n{|x2|<2r}) 

<sup|i^CI(rfc||(Rx(S3/8n{|x^|<2r}))V2 / lef^fdimiX) 



\J=3 • 

(12.17) < Csup |i:»C|v^-Bfc 

where C = C{n, q, a) G (0, 00) and the last inequality is a consequence of Theorem 10.1(c) and the 
fact that ||Vfc||(R x (^3/3 n {\x'^\ < 2r})) < C^/t, C = C{n,q,a) G (0,oo), for all sufficiently large 
k. 

Since /i^(x) = Aj^x^, we have for each j = 1, 2, . . . , g and A; = 1, 2, ... , 



[ Jl + \D{h) + u))\'^D{h!' + 4) • DC, dx 

JB3/sn{x^<-2T} ^ 

= f Jl + \D{h^ + u'^)\'^Du^ ■ DCdx 

JBs/sn{x^<-2T} V 



^ JBs/sn{x^<-2r} + |D(/jfc + ^,fc)|2 + ^1 + (A^^)2 



(12.18) +x^^l + iX^r [ 



I Bs/sn{x^<-2T} dx"^ 
By the Cauchy-Schwarz inequality and elliptic estimates 



^ dx. 



D{2h) + u)) ■ Du^. dC 

.dx^ 



< C{t) sup \DC\ J + [ \u'^\^dxj [ \u''\^dx 

y JBi/2n{x'^<-r} V •^•Bi/2n{a;2<-r} 



(12.19) < C(t) sup |Z)C| a/|A^^|2 + El Ek 
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If C also satisfies 
(12.20) [ Cdy = 

iB3/8n({0}xR"-i) 

then, since fB,^^^n{x^<_2r} dx = !B.,/,rMx^<o} ^ = - /s^/^nClojxR-i) C the last term on 
the right hand side of (12.18) will be zero. Thus, for each fixed r > and each Q G C^i^B^j^) with 
^ — in < 2r} and satisfying (12.20), we have 



dx 



YI Jl + \D{h^. + u^)\^D{h) + ) • DQdx 

JB,,,nix^<-2T\ V J J J J 



j=l JB3/sn{x^<-2T} 

(12.21) =J2f Jl + mifi^Du'; ■DCdx + q 
and, by a similar argument, 

E / J\^\D{g]^w))\^D{g] ^w))- DC, dx 

(12.22) =^2 [ Jl + \D{g'y + w'')\^Dw'' ■D(dx + e+ 

JBs/sn{x^>2T} V J J J 

where lim^^oo E^^\e^\ = lim^^oo E^^\e^\ = 0. We may divide (12.16) by and let A; — 00 to 
deduce, by (12.17), (12.21), (12.22) and (11.10), that for each r G (0,1/16), 



(12.23) ^ / Dipj-DC + Y, DiPj ■ DC + e(T) = 

^ ^B3/8n{a;2<-2r} ~1 •''B3/8n{x2>2r} 

where €(r) ^ as r ^ 0. Upon integration by parts (in view of the fact that ^ = in {\x^\ < 2r}), 
this gives 

(12.24) ^ / ^jAC + J2 f C - <r) = 0. 

J B3;sn{x^<-2T} j^-^ iB3/8n{a;2>2r} 

Since (pj G L^{Bi/2 ^ {x^ < 0}) and V'j G n {x^ > 0}) for each j = 1, 2, . . . , gr, we may let 

r ^ in (12.24) to conclude that 



V'.AC = 



(12.25) ^ /" ^jAC + Y,[ 

for any ^ € C^{B^/g) with = in a neighborhood of {x"^ = 0} and satisfying (12.20). 

Now for any £ e {1,2, . . . ,n - 1}, /i G (-1/16, 1/16) and any C G 0^(^5/16) with ^ = in a 

neighborhood of {x^ = 0}, we have that 6i^h C ^ ^"^(-^3/8)) '^p ^i,h C = in a neighborhood of {x^ = 

0} and C satisfies (12.20), where 6e^hC{x'^,y) = C(a^^ y\ • ■ • , + /i, • • • , y""^) - C(a;^ y)- 
Thus, by (12.25), 

JBy^n{x^<o} JBs/sn{x^>0} 
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and consequently, 



(12.26) Y.I + Se,hi^jAC = 

for any ( G (i^s/ie) with = in a neighborhood of {x"^ = 0}, any £ G {1, 2, . . . , n — 1} and 
h G (—1/16,1/16). Since any ( £ C^{B^/iq) which is even in the variable can be approximate 
in C^{Bq/iq) by a sequence Q G C^{B^/iq) satisfying, for each i = 1,2,3,..., = in a 
neighborhood of {x^ = 0}, we see that (12.26) holds for any G C^{B^/iq) which is even in the 
variable and for each ^ G {1, 2, . . . , n — 1} and h G (—1/16, 1/16). Thus 



(12.27) [ 

Je 



^5/16 



for any ( G C'^{B^/iq) which is even in the x^ variable, any £ G {1, 2, . . . , n — 1} and h G 
(—1/16,1/16), where : B-^/g R is the function defined by $£^;i(x^, y) = J2'j=i^i,h^j{—x'^jy) + 
S£,hipjix^,y) if a;2 > and ^e,hix^^y) = Yl'j=i^t,hVjix'^ .v) + h,h^j{-x^ ,y) if < 0. Since ^> is 
even in the x'^ variable, (12.27) holds also for any ^ which is odd in the variable. Thus (12.27) 
holds for every ( G C^{B^/iq) and hence is a smooth harmonic function in B^/iq. Since we 
have directly from the definition of ^£ fi and Lemma 12.1 that 

(12.28) 





'A 


^5/16 







i/2n{x2<o} JBi/ 

for all h G (—1/16, 1/16)\{0}, where C = C{n, q, a) G (0, oo), it follows from standard estimates for 
harmonic functions that there exists a harmonic function : Bg^^2 ~^ such that h~^^(^h — ^ 
in (7^(^9/32) as h —>■ 0, and 

(12.29) sup + \D<^i\'^ < C 

B9/32 \JBi/2n{x'^<Q} JBi/2n{x^>Q} 

Let $ : Bi/2 — R be the function defined by ^{x'^,y) = Yl'j=i ^ji^'^^y) + i'j{-x^-,y) if a;^ < 
and $(x2, y) = Y,]^^ ^,(-x2, y) + V,(ic', 2/) if > 0. Since = $ on By^ \ ({0} x R"-i), it 
follows that for (x^,?/) G ^9/32 \ ({0} x R"-^), 

^{x\y) = ^x\y\...J-\Q,y'+\...,y^-^)+ T ^t{x\y\ ■ ■ ■ J-\tJ+\ . . . ,y^-^) dt, 

Jo 

so we may let x^ — on both sides of this and use Lemma 12.1, (12.4) and the arbitrariness of the 
index ^ G {1, 2, . . . , n — 1} to conclude that, with Y = (0, y), 

(12.30) $(y) = 2qK,{Y) - (j^i^j + "^i) j ^^2(1^) 

isaC2 function of y G i?9/32n({0} xR"-i) (with ^HY) = ^t{Y) and g^^^Y) = ^ $^(y) 
for each ^, m G {1, 2, . . . , n — 1}) satisfying, by (12.29) and Lemma 12.1, the estimate 

(12.31) sup |$p + |L)y$|2 + |D2 ^|2<(^| /■ + I 

B9/32n({o}xR"-i) \J Bi/2n{x-^<0} JBi/2n 

where C = C(n, gr, a) G (0, 00). 
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Next we derive regularity estimates for a different linear combination of ki and K2- For this, we 
note that by (3.1) again, 

(12.32) [ V^'^x^- V^Ht^llVitll(X) =0 

for each k = 1,2, . . . and each ( G C^(RxBi). Let r G (0, 1/16), C G C^iBs/s) and ( be as before, so 
that in particular = in < 2t}. Note that the unit normal Uj to (Mj)^ = graph (hj + Uj) 

is given by = ((1 + \D{h^. + u^.)\^^ '^''^ [\, -\] u)^ so that, on {M))- , 

- 1^ - (' ^ m - »f)ir ' - ^ ( (^f - §3) 1^ - ".-5- ^ ".c) 

Using this and similar expressions for V^*' x"^ ■ V^'' ( on {Mj )^ = graph {gj + Wj ), we deduce from 

(12.32) and Theorem 10.1(a) that 

f V^'=x2.V^Hd||l^fe||(X) 

^Rx(S3/8n{|i2|<2r}) 

pjB,/,n{x^<-2r} ^l + |L>(/l^+«^^)|2 

(12.33) + E / (' + i°.'"?Rl^ + (>-?+g)°»'"r°»c ^ „ 



^=t^3/8n{a;2>2r} y/l + \D{g^^ + 

Since ^ = in a neig hborhood of spt HVfeU fl (R x S1/2) and ^ = in {[x^l < 2t}, it follows 
that 



^Rx(B3/8n{|i;2|<2r}) ^Rx{B3/8n{|a;2|<2T}) 

n+1 „ 

<sup|i^ClE / |e^||e^^'=|d||14||(X) 

^7(B3/8n{|a;2|<2r})xR 

< sup \DC\ ( [ \ei^fd\m{X)] (j2 [ \ef'fd\m{X)\ 

\7Rx(i33/gn{|a;2|<2T}) J ^^=3 •>'RxS3/8 J 

<sup|i?CI / l-|e^|2d||F,||(X) \e'r-\^ dm\{X) 

\jRx{i?3/8n{|x2|<2r}) y yj=3 -^RxBa/g 

(12.34) < C sup |£»CI T^I^EuEk 
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for all sufficiently large k, where C = C{n,q,a) G (0, oo) and the last inequality follows from 
Theorem 10.1(c), Theorem 6.1(b) and Lemma 10.3. Since 

f (1 + \Dy ^^\')w^ + (A,^ + i$)Dy -DyC ,^ 

JBs/sn{x^<-2T} ^l + |r>(/t^^ + n^)|2 

(12.35) + , ^ [ ^ dx, 



it follows that if ^ satisfies also (12.20), then 

S3/8n{x2<-2r} y^l + |D(/i^ + 'u^)|2 



B3/8n{a.2<-2r} ^l + |A)'|yi + |I)(/i^^ + n^^)|2 (^1 + |A)|2 + y/l + |i^(/i,^ + n)')|2) 

(12.36) + / 

JB3;sn{x^<-2T} Ji + |D(/ifc + ^x^)|2 
where, by elliptic estimates, 

(12.37) \r]^\<CEl C = C(n, g, r) G (0, oo). 
By the same argument, 

is3/8n{a;2>2r} ^1 + |D(5j^ + u;^^)|2 



Ib- 



2/i' 



'jWx^dx^ 



33/8n{a;2>2r} ^1 + |//fc|2^1 + [D^fc + u;fc)|2 (^^1+^ + ^1 + |L>(5^^ + U;^^)|2 j 

(12.38) + / ^B±^4. + ,t 

JS3/8n{x2>2r} Jl + |D(yfc + ^x^)|2 

where, again by elliptic estimates, 

(12.39) \4\<CEl C = C(n,g,T)G(0,oo). 



dx 
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Dividing (12.33) by EkEk and letting k —>■ oo, we conclude with the help of (12.34), (12.36), 
(12.37), (12.38), (12.39), (11.1) and (11.9) that 

(12.40) V / D^j .DC + y^mj DiPj ■ DC + ri{r) = 

for any C G (Sg/g) with ^ = in {\x^ < 2t} and satisfying (12.20), where 7?(r) ^ as r ^ 0. 

It follows from (12.40) in the same way that (12.31) follows from (12.23) that if we let, for 
FGS3/8n({0} xR"-i), 



(12.41) 




then is a function on l~l ({0} ^ ^) satisfying the estimate 

(12.42) sup l^l"^ + \Dy + \Dl < C I [ \V>\'^+ f IV'M 

S9/32n({0}xR"-i) \JBy2n{x^<0} J Bi/2n{x^>Q} J 

where C = C{n, q, a) G (0, oo). 

Note that J = 2q EU^^j + " {^U^^j + ^j)) ' = k Eti E^M^ " "^^O' + " ^^^^ + 
2{ii - rrijf, and so it follows from (11.8) that C > J > C > 0, where C = C{n,q) G (0, oo) and 
C = C{n,q) G (0,oo); thus, by (12.30) and (12.41), we may express each of ki and K2 as a linear 
combination of $ and with coefficients, in absolute value, < C = C{n, q) G (0, oo). Consequently, 
Ki , K2 are in 

C^(-B9/32 n ({0} X R"-^)) and, by (12.31) and (12.42), satisfy the estimates 



(12.43) 

sup \i^,\^ + \DyKi\^ + \DlKi\^ <C\ f \^?+f IV'lM, ^ = 1,2, 

fi9/32n({0}xR"-i) V-'i?l/2n{x2<0} ^Sl/2n{x2>0} / 

where C = C{n,q,a) G (0, oo). This in turn implies that for each j = l,2,...,q, the functions 
'^^■|s9/32n({0}xR"-i) (= '^i - ^J'^s) and V'jlB9/32n({o}xR"-i) (= '^i " '^J'^^) are in C^{Bg/^2 n ({0} x 
R**"^) and satisfy the estimates 
(12.44) 

sup \cpj\^ + \Dyipj\^ + \Dlipj\^<cl [ W?+f and 

-B9/32n({0}xR«-i) \J B-,/2n{x-^<Si} J B^/2n{x^>0} J 

(12.45) sup + + <C( / 1^1'+/ 

S9/32n({0}xR"-i) \J Bi/^n{x2<0} J B-,/2n{x^>0} J 

where C = C{n,q,a) G (0,oo). By Lemma 12.1 and the standard C-^'" boundary regularity theory 
for harmonic functions ([Mor66]), the desired conclusions of the present lemma in particular follow. 

□ 



13. Improvement of fine excess 

Let q be an integer > 2, a G (0,1) and suppose that the induction hypotheses (HI), {H2) 
hold. The main result of this section (Lemma 13.3 below) establishes that there are fixed constants 
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e = e{n,q,a) G (0, 1), 7 = 7(71, a) G (0, 1) such that whenever V G 5^, C G Cq satisfy Hypothe- 
ses 10.1, Hypothesis (*) (of Section 10) with a suitable constant M depending only on n and q, 
the fine excess of V relative to a new cone C G Cq decays by a fixed factor at one of several fixed 
smaller scales. 

Lemma 13.1. Let q be an integer > 2, a G (0,1) and 9 G (0,1/4). There exist numbers e = 
e{n,q,a,6) G (0,1/2), 7 = ^{n,q,a,6) G (0,1/2) and P = P{n,q,a,0) G (0,1/2) such that the 
following is true: If V & Sa, C & Cq satisfy Hypotheses 10.1, Hypothesis (-k), Hypothesis (irk) (of 
Section 10) with e = e, 7 = 7, M = |Mo, (3 = (3, and if the induction hypotheses {HI), {H2) hold, 
then there exist an orthogonal rotation T of R""*"-^ and a cone C G Cg such that, with 

El= f \x^\'' d\\V\\{X) sjid El = f dist2(X,spt||C)||)d||l^||(X), 

the following hold: 

(a) |ei — r(ei)| < nEy and \ej — T{ej)\ < KEy^Ey for each j = 2, 3, . . . , n + 1; 

(b) dist^ (spt IIC'II n (R X Bi),spt ||C|| n (R x Bi)) < CqE^; 

(c) e-"~' [ dist2(x,spt||F||)d||r#c'||(x) 

7r(Rx(Be/2\{|^2|<e/16})) 

+ / dist^ (X,spt ||r# C'||)d||F||(X) < uO^E^; 

(d) (9-^-' [ d^e{x,p)d\\r-'v\\{x)Y' 

\ J-RxBg ^ J 



n+4 



> 2" — yCl dist>^ (spt ||C|| n (R x 5i),Pn (R x Bi)) - C2EV 
for any P G G„ of the form P = {x^ = Ax^} for some A G ( — 1, 1); 

(e) {Z : e (llr^i V\\,Z) > n (R X {Be/2 n {\x^\ < 9/16})) = 0; 

(f) (a;nn"' l|r#' xBe)<q + 1/2. 

Here the constants 'k,Co,T',C2 G (0, 00) each depends only on n, q, a and C\ = Ci{n) = 

/Bi/2n{a;2>l/16} 1^ I dH"{x 

Proof. Consider any sequence of varifolds {V^} C Sa and any sequence of cones {C^} C Cq satisfy- 
ing, for each A; = 1, 2, ... , hypotheses (1^) — (7^) of Section 11 for some sequences {e^}, {7^}, {Pk} 
of numbers with (-k,lk^Pk ~^ 0^, where hypothesis (6^) holds with Mq in place of Mq. The lemma 
will be established by showing that for each of infinitely many k, there exist an orthogonal rotation 
Ffc of R"'+-'^ and a cone C^ £ Cq such that the conclusions of the lemma hold with T4, C^, Cj^ in 
place of V, C, C respectively, for fixed constants k,Co,Jq,V,Ci,C2 G (0, 00) depending only on 
n, q and a. 

Let Ek = ^Vfe and Ef, = Ev,^.For i = 1,2, . . . , (n-1), let Yi = \e e2+i G {0}xR"-^ We infer from 
(11.2) that passing to a subsequence of {k} without changing notation, for each k = 1,2,3,..., 

there exist points Zi^^ = (Ci'^^j C2''^) ^i,fe) ^ spt||Vfc|| fl (R x Bi), i = 1,2,... ,{n — 1), such that 
(llVfcll, fc) > q and \Zi^k — Yi\ — as A; — 00; also, we may find orthogonal rotations of 
R'*+^ such that 

r'fe(Sfe) = {0} X R"-i and T'^ (^) ^ ^2+^ for each z = 1, 2, . . . , (n - 1), 
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where is the (n — 1) -dimensional subspace spanned by {Z^^^ '■ i = — 1)}. Let 

r'^ be the orthogonal rotation of R"+i such that T^Y) = y 'for each y G {0} x R"-^ and 

^ 1^1^ r^''(e!)| ) ~ ^1' ■^is '■ R"''"^ — R^ X {0} is the orthogonal projection onto the x^x'^- 

plane, and let 

rfc = r'^or'j^, so that 

(13.1) rfc(Sfc) = {0} X R"-\ rk(^-^^^e2+i foreachi = l,2,...,(n-l). 

Let {if, ^) G be the fine blow-up of a subsequence of {Vu} relative to the corresponding 
subsequence of {Cfc}. Since 0(||Vfc||,O) > 0, it follows from (11.6) that (^(0) = ■^(0) = 0, and 
consequently, from (12.2) and (12.43) that after passing to further subsequences without changing 
notation, 

(13.2) \c^^\+m^^\<ceEu 

for each i = 1, 2, . . . , n — 1 and k = 1,2, . . . , where C = C{n, q, a) G (0, oo); with the help of (13.2), 
the following can then be verified: 

(13.3) |ei-rfe(ei)| <C^fc and \ej -Tk{ej)\ < CE^^Ek, j = 2, 3, . . . , n + 1, 

where C = C{n,q,a) £ (0, oo). Note in particular that C here is independent of 6. Consequently, 
letting Vfc = %,7/8tt(rA;{t Vfc) and passing to a further subsequence without changing notation, we 
have for each k = 1,2,3, .. . that 

(13.4) dn (r^'({0} X R") n (R X Bi), {0} x Bi) < CEk, 

(13.5) El= [ dist2(X,spt||Cfc||)d||Ffc||(X)<C£;2 and, 



(13.6) CEk < Ey^ < CEk 

where C = C{n, q, a) G (0, oo) and C = C{n, q, a) G (0, oo). Note that the first inequality in (13.6) 
depends on the fact that 

(13.7) / \x^\''d\\Vk\\{X)>cEl 

JR.xB-^/g 

where c = c(n, q) G (0, 1), which in turn is a consequence of the fact that the coarse blow-up of 
{Vfc} (by the excess Ek) is homogeneous of degree 1 (in fact its graph is a union of half-hyperplanes 
meeting along {0} x R""-*^) and satisfies, by (11.7), J^^ l-y^p > c, c = c{n,q) G (0, 1); thus, for each 
a G (0, 1), (7-"-2 j^^ |y^|2 ^ j^^ |^^|2 > ~ gQ ^Yiat 

[ \x'\'d\m{x) = j2 [ Vi + i^<i'Ki'-E / \/i + i^<PKP 

v/RxSct j—^JBa j=l'^^k 

+ [ \x'\^d\\Vk\\iX) 

> / \Uk\^ - 2Ca (sup \UkA El 

> ( lca^+^ - 2Ca ( sup \uk\A) El > ]ca^+^El 
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for sufficiently large k, where Uk, correspond to u, S of Theorem 5.1 taken with in place of 
V and the constant is the same as the constant C of Theorem 5.1(a). With a = 7/8, this gives 
(13.7). 

Passing to another subsequence without changing notation, we see using Theorem 5.1, (11-5) 
and (13.4), (13.6) that hypotheses (lfe)-(7fe) of Section 11 are satisfied for each k = 1,2,... with 
Vk in place of V^, suitable numbers 7^, Pk ~^ 0"*" in place of e^, 7^, respectively and with 
Mq in place of Mq in (6^); in verifying (7^), we use the fact that Q~ {pk — 1) > CQy [pk — 1), 

C = C(n, (/) G (0, 00), which in turn follows from (13.3) and the fact that, for any C G Uj^4 Cq{j), 
[ dist^X,spt\\Vk\\)d\\C\\{X) 

JTlx{Byie\{\x^\<7/{8-16)}) 

+ I d\sl\X,s^i\\C\\)d\\Vk\\{X)>ci{Q\,^{pk-l)f 

where ci = ci{n,q) £ (0,1). This last estimate can be justified by reasoning as in the proof of 
(13.7), using the fact that the blow-up of {V^} by Qy^{pk — 1) is homogeneous of degree 1 (by 
hypothesis (7^)) and has, by (10.3), L'^(Bi) norm > c, c = c{n,q) G (0,1). To verify that (6^) is 
satisfied with Vk in place of V and Mq in place of Mq, note first that by (13.6), 

inf / dist^X,P)d\\Vk\\{X)= inf _ / dist'' {X , P) d\\Vk\\{X) 

where C = C{n,q,a) G (0, 00), and that for any hyperplane P = {x^ = Ax^} with |A| < CE^ and 
for sufficiently large A;, 

/ dist^{x,p)d\mix) > f^y^%"+2 f d\st^{x,ruP))d\m{x) 

JnxBi \ I J JRxBi/2 

> 7— 22"u;-\2^+ l)-iCi / dist^ {X,rk{P))d\\Vk\\{X) - CE^ 

>7-^-^2^-'u-\2q + l)-'Ci [ dist^{X,P)d\miX) 

- Cdist^(rfc(P) n (R X Bi), P n (R X Bi)) - CEl 
>7-"-Vu;-i(2g + l)-iCif|Mo') '/ \x^\^d\\Vk\\{X)-CEl 

where C = C{n,q) G (0, 00), the second inequality follows from (10.15) with p = 1/2 and Z = 0, 
and the last inequality holds by hypothesis of the present lemma. On the other hand, 

n+2 ^ 

\A''d\mix) 



[ \x'\'d\m{x)<2(^Y [ 

JnxBi \ I J JRxBi 



- Q \ n+2 

+ { - j iOn{2q + l)dist2 {TkiiO} X R") n (R x 5i), {0} x 



where C = C{n,q,a) G (0, 00). Hence 



<2f|y^' / \x'fd\m{X) + CEl 

\ ' / JRxBi 



Vk 2(2 ^" 'un {2q + l) ^Ci - Cjk) JRxBi 
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where C = C{n,q,a) G (0, oo), and it follows from this that hypothesis (6^) with Vk in place of Vk 
and Mq in place of Mq is satisfied for all sufficiently large k. 

Thus, the fine blow-up (^fjip) of {V^} relative to {Ck} belongs to B^. Furthermore, it follows 
from (13.1) and (11.6) (applied with in place of Vk and jTk Z^^ki « = 1, 2, . . . , n — 1, in place of 
Z) that for each i = 1, 2, . . . , (n — 1), lp{Yi) = V'(^) = and consequently, since Yi = ^9 ei+2, that 
there exist points Sj^i,Tj^i e 3^/2^ ({0} x R"~^) such that 

^{Sji) = and ^{Tji) = 

Qyi V 3,^) Qyi V 3,1) 

for each i = 1,2,... ,77, — 1 and j = 1, 2, . . . , q. By the estimate of Theorem 12.2, this readily implies 
(13.8) 

\Dym? + \Dym?<Ce^\ I IV^n, C = C(n, 5, a) g(0,oo). 

yJBi/2n{a;2<0} JBi/2n{a;2>0} / 

Letting, for j = 1, 2, . . . , g and x = (x^, y) € R", 

Li{x) = D^j{{)) ■ X, Ll{x) = Di,,{0) ■ X, P|(x2,y) = |||(0)x2 and P|(x) = ^^(O)^^, 



x^ 



it follows from (13.8) that for each (x^,y) G R", 



\Pi{x^y) - Lt{x\y)\^ + \Pl{x\y) - LL{x^y)f 
and consequently from Theorem 12.2 that 

(13.9) l^-P^f+[ \i, - P~\A <Cd^ C = Cin,q,a)e {0,oo). 

\JB20n{x2<O} JB2gn{x^>0} ^ ) 

For J = 1, 2, . . . , and A; = 1, 2, . . . , let 

(13.10) A;.^ = AK^v^.§|i(0)' M-' = /^^' + ^v,|$(0), 

H'j^ = {(a;^x^y) : x^ = A^■*^x^ x^ < 0}, G'/' = {(a;^x^y) : x^ = n'/'x'^, x^ > 0} and 

C'k = j2\H'j'\ + \G'j% 

i=i 

With the help of (13.9), (11.3), (13.5), it is straight forward to verified that 

(13.11) e-^-' [ dist'{X,spt\\ir^')#C'k\\)d\\Vk\\iX)<C9'El 

JT-\-RxBg) 

for all sufficiently large k, where C'^ is as above and is as in (13), and C = C{n,q,a) G (0, oo). 
Furthermore, it follows from (13.5), (13.10) and Theorem 12.2 that 

(13.12) dist^(spt||C';,||n(Rx5i),spt||Cfc||n(Rx5i)) <CEI, C = C{n,q,a) £ (0,oo), 
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and from (11.4) (applied with Vk in place of Vk) that 

^-"-2/ dist2(X,spt||Ffe||)d||r,-JC',||(X) 

7r-i(Rx(B,/2\{|x2|<e/i6})) 

(13.13) <Cr"-2/' dist2(X,spt||r-ic;tll)'^ll^fc||(^), C = C(n,g,a)G (0,00). 



r-i(RxJ 

Again by (11-4) (applied with 14 in place of Vk), (13.5) and (13.11), we have that for any hyperplane 
P of the form P = {x^ = Ax^}, |A| < 1, writing 9 = j0, 

e-^-^ f Aise{x,p)d\\Vk\\{x) 

JRxBg 

> 2-"-^Cidist|^ (spt llCfcll n (R X 5i), P n (R X xBi)) 

- 1^—2 / dist^ (X,spt \\Ck\\)d\\Vk\\{X) 

> 2-"-^Cidist^ (spt llCfcll n (R X Bi),Pr\ (R x xBi)) 

-^-"-2 / dist\X,spt\\Ci\\)d\\Vk\\{X) - CEl 

JRxBg 

> 2-"-^Cidistfi (spt llCfcll n (R X Bi),Pn (R x xBi)) - CEI 



where Ci = fBi/2n{rr2>i/i6} \x'^\'^ dl-i'^{x^ ,y), C2 = C2{n,q,a) G (0, 00) and the notation is as in 

Theorem 10.1 taken with Vk in place of V (in particular with uj^, w-j^ corresponding to , w^). This 
readily implies that 

-"-2 / dist^x,p)d\\rk#Vk\\{x)Y^^ 

JRxBg J 

(13.14) > 2" — yCidist7^(spt||Cfc||n(Rx5i),Pn(Rx xSi))-C£;fc 

for each hyperplane P = {x^ = Xx^} with |A| < 1 and all sufficiently large where C = C{n, q, a) € 
(0,00). 

The inequalities (13.3) and (13.11)-(13.14) say that the conclusions (a)-(d) of the lemma, with 
Vk, Cjfc, C^, in place of V, C, C, F, hold for all sufficiently large A;. Conclusion (e) with 
Vk in place of V and in place of T is clear, for all sufficiently large k, by (11.5) applied 
with Vk in place of Vk- Conclusion (f) with Vk in place of V and F^^ in place of F follows, for 
sufficiently large k, from the Constancy Theorem for stationary integral varifolds and the fact that 
q < 0(||Vfc||,O) < {iUn^'T^ 11^411(52^^(0)) < g + 1/2 for each k. □ 
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Lemma 13.2. Let q > 2 be an integer, a G (0, 1) and p e {4, 5, ... , 2q}. For j = 1,2, ... ,p — 3, 
let Oj G (0,1/4) he such that Oi > 862 > 646*3 > ... > 8J'-^6'p_3. There exist numbers e'^^ = 
e(P\n,q,a,ei,e2,...,ep^3) G (0,1/2), 7(f) = j(P\n,q, a, 01,02 ...,^3) G (0,1/2) such that if 

V G Sa, C G Cq{p) satisfy Hypotheses 10.1, Hypothesis (-k) (of Section 10) with e = e^P\ 7 = 7'^^^, 
M = |Mo and if the induction hypotheses {HI), {H2) hold, then there exist an orthogonal rotation 
r of R""*"^ and a cone C G Cq such that, with 

El= f \x^\^d\\V\\{X) and 
Ql{C)= [ dist\X,spt\\V\\)d\\C\\{X)+ [ dist2(X,spt||C)||)d||y||(X), 

JRx(Bi/2\{|a;2|<l/16}) JRxBi 

we have the following: 

(a) |ei -r(ei)| < Ac(*')Qy(C) and \ej - r{ej)\ < k^^ Ey^Qv{C) for each j = 2, 3, . . . , n + 1; 

(b) distil (spt IIC'II n (R X Bi),spt ||C|| n (R x Si)) < Co^^Q^(C); 
and for some j E {1,2, . . . ,p — 3}, 

(c) 0r-'[. . dist2(X,spt||F||)d||r#C'||(X) 
+ ^7"-' / dist^ (X, spt ||r# C'll) d\\V\\iX) < ,.f0]Ql{C); 



(d) 



1/2 



07-2 / dist2(x,p)d||r-iF||(x) 



> 2-'^^Ci distw (spt ||C|| n (R X Bi),Pn(K x Bi)) - C^^^Qy(C) 
for any P G G„ 0/ i/ie /otto P = {x^ = Ax^} /or some AG (—1, 1); 

(e) {Z : e(||r-iy||,Z)>g}n(Rx(Pe./2n{|ar2|<e,/16})) =0; 

(f) (c^„^7)-' llr^i y||(R x Pe,) < (? + 1/2. 

i^ere i/ie dependence of the various constants on the parameters is as follows: 

^(P) = K(p)(n, q,a,ei,..., ^4), cj^^ = ^^^^(n, • • • , ^?p-4), C^^^ = ^(n, a, ^i, . . . , ^^.4) 

in case q > 3 and p G {5, 6, . . . , 2g}; k^^^ = (7q^^ = Cq, C2^^ = C2, where k = K{n,q,a), 
Co = Co{n,q,a), C2 = C2{n,q,a) are as in Lemma 13.1; v^^'' = V, where V = V{n,q,a) is as in 
Lemma 13.1; and, in case g > 3, for each j = 2, 3, ... ,p — 3, v^^^ = v^^\n, q, a, 61, ... , 0j-i). In 
particular, is independent of 0j,6j+i, . . . , Ops for j = 1,2, . . . ,p — 3. 

Proof. If p = 4 then we may simply set e^^\n,q,a,0i) = e{n,q,a,9i) and '^^^\n,q,a,6i) = 
^{n,q,a,0i), where e, 7 are as in Lemma 13.1, and deduce from Lemma 13.1 with = 61 that 
there exist a cone C G Cq and an orthogonal rotation F of R"+^ such that the conclusions of the 

lemma hold with j = 1 in (d)-(g); with k^^^ = k, Cq^^ = Cq, Cg^^ = C2 and = V, where Hj, Cq, 
C2, V are as in Lemma 13.1. Thus the lemma holds if p = 4. 

Else q > 3 and p G {5, 6, . . . , 2g}. Assume by induction the validity of the lemma with any 
p' G {4, 5, — 1} in place of p. Let Oj G (0,1/4), j = 1,2, — 3 be given such that 

01 > 802 > 64^3 > . . . > 8P~'^0p-3. To prove the lemma as stated, it suffices to show that for 
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arbitrary sequences {V^} C Sa, {Ck} C Cq{p) that satisfy hypotheses (1^) — (5yt) of Section 11 as 
well as hypothesis {6k) of Section 11 with Mq in place of Mq , there exist a subsequence {k'} of {k} 
and, for each k', a cone C^, € Cq and an orthogonal rotation Tj^i of R""*"^ such that the conclusions 
of the lemma hold with V^./, C^/, C'^.,, F'^ in place of V, C, C, F respectively, and with suitable 

constants k^p^i , C^^^ , €2^^ and i^j^'* , . . . , v^}^ depending only on the parameters as specified in the 
statement of the lemma. 

So suppose, for A; = 1, 2, . . . , Vfc G 6^, G Cq{p) satisfy hypotheses (1^) — (6fc) of Section 11 
with Mo in place of Mq. For each k, choose a cone G U^=4Cq(j) such that 



(QkY = i I disi\X,svt\\Vk\\)d\\Ck\\{X) 
(13.15) + / dist2(X,spt||Cfe||)d||Ffe||(X)') < |(QD 



where 



(Q^)^ = _ inf (/ dist2(X,spt||yfc||)d||C||(X) 

Ceuf-lC,0-) \7Rx(Bi/2\{|a:2|<l/16}) 

+ 



dist^ (X,spt||C||)d||Vfc||(X)) . 

RxBi / 



Let (3 = P{n,q,a,9i) where /3 is as in Lemma 13.1, and consider the following two alternatives: 
(A) for infinitely many k, 

dist\X,spt\\Vk\\)d\\Ck\\iX) 



L 



/Rx(Bi/2\{|a;2|<l/16}) 

+ / dist2(X,spt||Cfc||)d||Vfc||(X)</3(Q)5r 

-/RxBi 

{B) for all sufficiently large k, 

dist2(X,spt||T4||)d||Cfc||(X) 



/Rx(Si/2\{|x2|<l/16}) 

+ / Aise{X,s^l\\Ck\\)d\\Vk\\{X)>l3{Qlf. 

jRxBi 

If alternative (A) holds, we deduce directly from Lemma 13.1, applied with 9 = 9i, that for 
infinitely many k, there exit a cone C'^ G Cq and an orthogonal rotation Ffc of R"+^ such that the 
conclusions of the present lemma hold with Vk, Ck, C'^,, F^ in place of V, C, C, F; with j = 1 in 

the conclusions (c)-(f); and with k, Cq, C2, v (as in Lemma 13.1) in place of k^p\ '^i^^- 
If alternative {B) holds, we have by hypothesis (5^) and (13.15) that for all sufficiently large A;, 

I / dist2(X,spt||14||)(i||Cfc||(X) 

V-^Rx(Bi/2\{|a;2|<l/16}) 

(13.16) +/ dist2(X,spt||Cfc||)d||yfc||(X)^ < ^42. 

JRxSi 



2/3 



Since Cfc G Cq{p') for some p' G {4, 5, . . . ,p — 1} and infinitely many fc, we may, by the induction 
hypothesis, apply the lemma with p' in place of p and 02-, 9^, . . . , ^p'_2 in place of 9i, 62, ■ ■ ■ , 9p'-3 
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to deduce that for infinitely many fc, there exist a cone G Cq and an orthogonal rotation 
of R"+^ such that the conclusions (a)-(f) hold with 14, Cfe, C^, in place of V, C, C, T — in 
particular with in place of Qv{C) — and such that: 

(i) in case p' = 4 (which must be the case if p = 5), with k^^^ = k, C^^ = Cq, c'^'' = C2 and 

= V (where k, Cq, Ci, C2, V are as in Lemma 13.1 and C is as in Theorem 10.2(a)), and 

(ii) in case p' G {5, 6, . . . ,p — 1} (possible, of course, only if p > 6) with 

n^p') = n^P') (n, q,a,92,..., 6^,^^), C^"'^ = C^'^ (n, g, a, ^2, • • • , ^p'-s), 

cf) = cf)(n,g,a,02,...,^p'-3) 

in place of Cq'\ €2'^ respectively; with v^\n,q,a) = V (where 17 is as in Lemma 13.1) in 
place of ; and with 

vf-X{n,q,a,e2, . . . ,9j-i) 
in place of for each j = 3, . . . — 2. 

Since by (13.15) and the definition of alternative {B) we have that 

Ql<^( [ dist\X,spt\m)d\\Ck\\{X) 

+ / dist2(X,spt||Cfe||)d||14||(X)y 
JnxBi J 

and dist^ (spt ||Cfc|| n (R x Si), spt ||Cfe|| n (R x B^)) < C{Ql + Ql), where C = C{n, q) G (0, oo), 
setting 

n('Hn,q,a,e,) = (n,,,a,^,) = 2C + ^^^±^ 

2P{n,q,a,ei) I3{n,q,a,ei) 



n+4 / 



(5)/ N - (5). n \ 3l/ 



2P{n,q,a,di 



2P{n,q,a,ei) 
and, for p> 6, 

K'^\n,q,a,9i, . . .,6p^4) = 

™^ 1^' W^r — ~ T-Ti^^'\n,q,a,02,- ■ ■,Op'-z) : p' = 5, . . . ,p - 1 1 , 

t 2P{n,q,a,9i) J 

C^\n,q,a,ei,...,ep-4) = 

max {co, 2C + ^ (c + c'^/\n, g, a, ^2, • • • , ^p'-s)) : p' = 5, . . . ,p - 1 j , 

C^\n,q,a,ei,. . .,9p-i) = 

max \ C2, a + W-=- — — (a + C^^\n,q,a,e2,...,0p'-3)) : p = 5, . . . ,p - l \ , 

[ V 2/3(n,g, 0,6*1) ^ ^ J 
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where a = 

iy[^\n,q,a) =V, i/^^\n,q,a,ei) = — — and, for j = 3,...,p-3, 

2P{n,q,a,0i) 

™^ I 'T^f — ~ 7-TZ^j-k">9,«,6'2,- • -.Oj-i) : y = j + 2, . . . ,p - ll , 

y2l3{n,q,a,0i) J 

we see that if alternative {B) holds, the conclusions (a)-(f) of the lemma follow with Vk, C^, C^, 
in place of V, C, C, F; with constants k,^'^\ Cq^\ depending only on n, q, a, 61,62, ■ . . ,6p^4; 
with u^''^ depending only on n, q, a and for each j = 2,3, . . . ,p — 3, with Vj^^ depending only on n, 
q, a and 01,62,63, . . . ,dj-i. Note that in checking that conclusion (f) holds with Vk, Ck in place 
of V, C, we have used the fact that dist-^ (spt ||Cfe|| n (R x Bi), {0} x Bi) > dist-^ (spt ||Cjfc|| n 
(R X Bi),{0} X Bi) - distT^ (spt ||Cfc|| n (R x Si), spt ||Cfc|| n (R x Bi)) > dist^ (spt ||Cfc|| n (R x 
Bi),{0}xBi) — VC{Qk + Qk)- Similar reasoning applies in checking conclusion (b). This completes 
the proof. □ 



Remark: Note that for p > 5, with the notation as in Lemmas 13.1 and 13.2 above, the following 
explicit formulae follow: 

3k 

K,''P\n,q,a,6i, . . . , ^^-4) 



2UPr^(3{n,q,a,6i)' 



C^\n,q,a,6i,...,6,^.) = 2C^3c'£ ^^ J ^ + 1-1^ ' ~ '""^ 



^^Iil^^l3{n,q,a,6,) IllZtf5{n,q,a,6i) 
^/3\^/2 ^ /3\(f-^)/2 C2-a 



C^^^ {n, q,a,ei,..., ^4) = «+2a ^ f ^"j , J = + (f) 

^=1 ^UL.6(n,q,a,6,) 



^=l(i{n,q,a,^i) ^^Ztl3{n,q,a,di) 



where a = 2 "2 \fC\C. 



u[^\n,q,a) = u; iy^^\n,q,a,6i, . . . ,6j-i) = ( ^ ] ^j^i-, " —,2<j<p-3. 



3xi-i 



2y Uill(3in,q,a,di) 

Lemma 13.3. Let q > 2 be an integer and a G (0, 1). For j = 1,2, . . . ,2q — 3, let 6j G (0, 1/4) be 
such that 61 > 862 > 64^3 > . . . > 8^^'~^^29-3- There exist numbers e = e(n, q,a,di,d2, ■ ■ ■ , ^29-3) £ 

(0,1/2), 7 = ^{n,q,a,di,92 •••,^2(j-3) G (O^l/^) such that the following is true: If V £ Sq,, 
C € Cq satisfy Hypotheses 10.1, Hypothesis (-k) (of Section 10) with M = |Mo and if the induction 
hypotheses (HI), {H2) hold, then there exist an orthogonal rotation T o/R""^^ and a cone C G Cq 
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such that, with Ey and Qv{C) as defined in Lemma 13.2, we have the following: 

(a) |ei - r(ei)| < kQv{C) and \ej - T{ej)\ < kE~^Qv{C) for each j = 2,3, . . . ,n + 1; 

(b) distil (spt IIC'II n (R X Si),spt ||C|| n (R x Bi)) < CoQy(C); 
and for some j G {1, 2, . . . , 2g — 3}, 

(c) e---' [ dist2(x,spt||F||)d||r#c'||(x) 

+ 0^-^ I dist^ (x,spt ||r#c'||)d||y||(x) < i^je]QUc); 

(\ 1/2 

> 2-'^\J^i6xsin (spt ||C|| n (R X Bi),Pr\ (R X Si)) - C2Qy(C) 
for any P G Gn of the form P = {x^ = \x^} for some A G (—1, 1); 

(e) {Z : e (llr^i V\\,Z) > 9} n (r X {Be.,2 n {l^^l < e,/16})) = 0; 

(f) M;)"' ||r#'l^||(R X Be^) <q+l/2. 

Here the constants k,Cq,C2 G (0,oo) depend only on n,a in case q = 2 and only on n, q, a and 
9i,92, ■ ■ ■ , ^2g-4 in case q > 3; vi = i'i{n, q, a); and, in case q > 3, for each j = 2,2>, . . . ,2q — 2>, 
fj = Uj{n,q,a,9i, . . . ,6j-i). (In particular, Vj is independent of 9j,9j^i, . . . ,92q-3 for each j = 
1,2,..., 2q- 3.) 

Proof. Set e = min {e(^),e(5),...,e(2</)} and 7 = min {7^^), 7^^^ . . . , 7^^'^^ } , where 

= q, a,9i,..., ^s), 7^^ = l^^'Hri, q,a,9i,..., ^s), ^ < P < 2q, 

are as in Lemma 13.2. Set z/i = 77 and for each j = 2, . . . , 2g — 3, 

where u is as in Lemma 13.1, and for each p G {5, . . . , 2ci}, the numbers Uj^^ are as in Lemma 13.2 
taken with scales 9i, . . . , 9p-3. Note that then, = z^i(n, q, a) and in case q > 3, 

Vj = Vjin, q,a,9i, . . . , 9j-\) for 2 < j < 2g — 3. 
Set At = max{KW,At(5),...,^(2.)| {= ^i:^)^ Co = max { cj'^, C^^^ , . . . , C^'^) } {= d^'^) , 



where for each p G {4, 5, . . . , 2q}, the numbers k'^\ Cq'\ C^^ are as in Lemma 13.2 taken with 

scales 9i, . . . , 9p^-^. 

Since C G imphes that C G Cq{p) for some G {4, 5, . . . , 2q\, the conclusions of the present 
lemma follow directly from Lemma 13.2. □ 
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14. Properties of coarse blow-ups: Part III 

Subject to the induction hypotheses (HI), {H2), we complete in this section the proof that Bq 
is a proper blow-up class, by showing that Bg satisfies property {B7). Recall that in order to do 
this, it only remains to rule out the possibility that Bg contains an element whose graph is the 
union of q half-hyperplanes in the half-space {x^ < 0} and q half-hyperplanes in {x^ > 0}, with all 
half-hyperplanes meeting along {0} x R"^~^, and with at least two of the half-hyperplanes on each 
side distinct. (This is Case 2 stated at the beginning of Section 9.) 

Lemma 14.1. Let q > 2 be an integer and a G (0, 1). There exist constants e\ = ei(n, a) G (0, 1) 
and 7i = 71 (n, g, a) G (0, 1) such that if the induction hypotheses {HI), {H2) hold, V G Sa, 

e (||F||,0) > g, K2")-i||y||(S2"+'(0)) < q + 1/2, u:-^\\Vm X Bi) <q+l/2, 
{Z : e i\\V\\,Z) >q}n{Kx {By2 \ {\x^\ < 1/16})) = 0, 

Ev= [ \x'^\'^d\\V\\{X) <ei and 
JbxK 



El < I inf / dist'{X,P)d\\V\\{X) then 



[ dist^{X,spt\\V\\)d\\C\\{X)+ [ dist2(X,spt||C||)d||y||(X) >7i£:^ 

JRx(Bi/2\{|2:2|<1/16}) 7RxSi 

for any cone C G C^. 

Proof. For j = 1,2, . . . ,2q — 3, choose numbers 6j = Oj{n, q, a) G (0, 1/2) as follows: First choose 

9i = 9i{n,q,a) G (0,1/2) such that viOf^ < 1, where vi = i'i{n,q,a) is as in Lemma 13.3. 
Having chosen 01,02, ■■■ ,9j, I < j < 2q — 5, choose 0j^i = 0j^i{n,q,a) such that 0j^i < 8^^0j 

and i'j+10^^1 < 1, where vj^i = Vjj^i{n, q, a,6i,02, ■ ■ ■ , 0j) is as in Lemma 13.3. Note that these 
choices determine 1^2^-3, where i'2q-3 = i'2q-z{n,q,a,0i, . . . ,02q-i) is as in Lemma 13.3. Finally 
choose 02q-z = d2q-2,{n,q,a) such that 02q-z < 8~^02g-4 and ^29-3^29-^"^ < 1- 

Let ei G (0, e), 71 G (0,7) be constants to be eventually chosen depending only on n, q and a, 
where e = e(n, q,a,0i, . . . , 02q-z)i 1 = q,a,0i, . . . , 02q-z) are as in Lemma 13.3. 

Suppose that the hypotheses of the present lemma are satisfied with F G <Sq, and C G C^, and 
suppose also that 

/ dist2(X,spt||F||)d||C||(X) 

7Rx(i3i/2\{|x2|<l/16}) 

(14.1) + / dist2(X,spt||C||)d||F||(X) <7i^^. 

In particular, V, C then satisfy the hypotheses of Lemma 13.3. In what follows, for C G Cg, F an 
orthogonal rotation of R"+^ and p G (0, 1] , we shall use the notation 

Qv{C',T,p) = (p— 2 / dist2(X,spt||F||)d||r#C'||(X) 
\ 7r(Rx(i?^/2\{|a;2|</9/i6})) 

\ 1/2 

+ / dist2(x,spt||r#c'||)d||F||(x) , 

^r(RxSp) / 



STABLE CODIMENSION 1 INTEGRAL VARIFOLDS 73 

We claim that we may apply Lemma 13.3 iteratively to obtain, for each k = 0,1,2,3,..., an 
orthogonal rotation of R""*"^, with Tq = Identity, and a cone Ck G Cq with Co = C, satisfying, 
for A; > 1, 

(14.2) |rfe(ei)-rfe_i(ei)p<C<5feg2^; 

(14.3) iTkiej) - rfe_i(e,)|2 < CSkEy^Ql; 

(14.4) distil (spt llCfcll n (R X Si),spt ||Cfc_i|| n (R x Bi)) < CSkQv; 

(14.5) Qy(Cfc,rfc,(7fe) < i'j^9ji^QviCk-i,Tk-i,(Tk-i) < ... < SkQv 
for some jk € {1, 2, . . . , 2g - 3}; 

1/2 



a^--' [ dist'{X,P)d\\Tk#V\\iX)] > 



(14.6) 2- — ^Ci distw (spt ||Cfc_i|| n (R X Bi),P n (R x x^i)) - C2 Qv{Ck-uTk-u <^k-i) 
for each P € Gn of the form P = {x^ = Xx^} for some A G (—1, 1); 

(14.7) {Z : e (||rfe# V\\,Z) > g} n (R x {B^^ \ {\x^\ < ak/16})) = 0; and 

(14.8) (^n^D"' W^klnm X B,,) <q+l/2 

where Qy = Qy(C,ro,l), C = C{n,q,a) G (0, 00), C2 = C2{n,q,a) G (0, 00) and, for each 
k = 1,2,3,..., 

(Jk = Oj^(Jk-i, Sk = Uj^Oj^Sk-i 
for some jk G {1,2, . . . ,2q — 3} where ao = Sq = 1. Thus 

2g-3 2q-3 

CTk=ll0f and 5k=l[{i^je]f 

j=i i=i 

for some non-negative integers ki,k2, - ■ ■ , k2q-z such that Yl^'^i kj = k. Note in particular that 

00 

elq_3<ak<el < < 4-^" and ^(5, <c5fc 

j=k 

for A; = 1, 2, ... , where c = c(a) G (0, 00). 

To verify these assertions inductively, note that (14.4)-(14.7) with k = 1 follow directly from 
Lemma 13.3. Suppose k >2 and that (14.4)-(14.7) hold with 1, 2, 3, . . . , A; - 1 in place of k. We 
wish to apply Lemma 13.3 with ij^^^ -^ ^ ^ ™ place of V and Ck-i in place of C. Note first 

that by the triangle inequality and (14.8) with A; — 1 in place of k. 

El ^v-K^v = <'k-l" I l^'l'rf||r,-^i#^ll(^) 

< 2a,-V / dist2(X,spt||Cfe_i||)d||r-^i#y||(X) 

+ O0n{2q + 1) distf^ (spt ||Cfc_i|| n (R X 5i), {0} X 5i) 
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and by applying (14.4) with 1, 2, . . . , A; — 1 in place of k, summing over k, and using the fact that 

Er=i4.'"<2-"(i-2-")-s 

dist>^ (spt||Cfc_i|| n(Rx Bi),{0} xBi) < 

dist>^ (spt ||C|| n (R X Bi), {0} x Bi) + CQv, C = C{n, q, a) G (0, oo); thus, 

El 1 <2w„(2g+l)dist^(spt||C||n(Rx5i),{0}xSi)+CQ^, C = C(n, g, a) G (0, oo), 

SO that, by (10.1), 

(14.9) El 1 <2{2q+l)ujnclEl + CQl,C = C{n,q,a)e{{),^), 

where ci = ci(n) G (0,oo) is as in (10.1); in particular, 

(14.10) El _i y<CEl, (7 = C(n,g,a) G (0,oo). 

Again by (14.4), 

dist^f^ (spt ||Cfe_2|| n (R x Si), {0} X Bi) > dist^ (spt ||C|| n R x Si, {0} x Bi) 

k-2 

-^dist>i (spt ||Cj-i|| n (R X Si), spt ||Cj|| n (R X Si)) 

k-2 

.1/2 



> dist^ (spt ||C|| n (R X Si), {0} X Si) - CQv J] 



which implies by (14.6) and (14.5) that 

n+4 



^r-i y >2-— VCidistw(spt||C||n(RxSi),{0}xSi)-CQy 

where C = C{n,q,a) G (0, oo); hence by (10.2) and (14.1), we see that 
(14.11) E ^1 y>{Ci-C^i)Ev 

where Ci = Ci{n,q), C = C{n,q) G (0,oo). Thus if 2C71 < Ci, it follows from (14.1), (14.5) and 

(14.11) that 

/ , dist2(X,spt||r?,,_,#r-^i#F||)d||C,_i||(X) 

jRx(Bi/2\{[x2|<l/16}) 

(14.12) +/ d\st\X,spt\\Ck-i\\)d\\vak-,#r-\ V\\{X)<Cj,El , 
and from (14.10), that 

El 1 < Cei 

where C = C{n, q, a) G (0, 00). By (14.6) again with A;— 1 in place of k and (14.4) with 1,2,..., k— 1 
in place of k, 

1/2 



^k-i' f dist2(x,p)d||r,_i#F||(x)) > 



n-\-4 / 

2- — JCi distn (spt ||C|| n (R X Si), P n (R x xSi)) - CQv 
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SO that 

/ dist2(X,P)d||r7,,_^#rfe_i#F||(X) > 
jRxBi 

2-"-^Ci distil (spt ||C|| n (R X Si), P n (R X xPi)) - CQ^ 
>2-"-5Ci<i(2(7 + l)-i / dist^{X,P)d\\V\\iX)-CQl 

JrxBi 

> 2-"-5Cia;-i(2g + 1)-^ (0 ' E^y - CQI 

> (^2--Cia;-(2,+ l)-cr^ (0" - ^.V,,r,_,,^ 
where C = C(ra, a) G (0, 00) and we have used our hypothesis that 

El<l^ inf / dist2(X,P)d||F||(X). 
This readily imphes that if we choose 71 = 71 (n, g, a) G (0, 1) sufficiently small, then 

El^_^^r,_,^v < luoj^^^ Aise (X,P)d||7?.,_,#r,_i#y||(X) 

for any hyperplane P of the form P = {x^ = \x^}. 

So if we choose 71 = 71 (n, a) and ei = ei(n, g', a) sufficiently small, we can apply Lemma 13.3 
with 77o-j,_-^ # r^ -^ _^ y in place of V and Ck-i in place of C to obtain an orthogonal rotation F of 
R**"*"^ and a cone Cfe G Cq such that, with T/j = r^-i o F, (14.2)-(14.8) hold. This completes the 
inductive proof that (14.2)-(14.8) hold for all A; = 1, 2, 3, ... . Writing 

c.=i:i^j=i+iG,^i 

where for each j G {1, 2, . . . , g}, is the half-space defined by = {{x^,x^, y) G R"+^ : x"^ < 
and x^ = A^x^}, the half-space defined by = {{x^,x^,y) G R"+^ : > and x^ = 
H^x'^}, with A^,/i^ constants, > A2 > . . . > and iJi\ < < • • • < note that by (10.2) 
(applied with r]crf.#Tk^ V in place of V and Cfe in place of C), (14.11) and (14.12), we also have 
that 

(14.13) |Af-A^|>C^y and {/I'l - > CEy, G = C(n, g, a) G (0, 00), 
for all /c = 1, 2, 3, ... . 

By (14.4) {spt ||Cfc|| n (R x Bi)} is a Cauchy sequence (in Hausdorff distance) and hence, since 
(||Cfc||, 0) = q for each A; = 1, 2, . . ., there is a varifold H G such that passing to a subsequence 
{A;'} of {A;}, Ck' \-B^+\0) ^ H \-B^+\0) and 

(14.14) distf^ (spt ||H|| n (R X Pi), spt ||Cfc/|| n (R x Pi)) < CSk'Qy 

for each k', where C = C{n, q, a) G (0, 00). By (14.13), spt ||H|| is not a hyperplane. Since Sk < cf^, 
it follows from (14.5), (14.8) and (14.14) that 

(14.15) / dist2(X,spt||H||)d||r?,^,#r-/ F||(X)<Gc72?Q2^ and 
7rxBi 
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(14.16) / dist2(x,spt||r?,^,#r-/ y||)d||Cfe,||W<C(72fg2^ 

JRx(Bi/2\{|x2|<1/16}) 

for all /c', where C = C{n, q, a) € (0, oo). 

Now, since q<Q (111^11,0) < (u;n2")-i ||y|| (5^+^(0)) < g + 1/2, it follows from the monotonicity 
formula that 

g< e(||r?,,,#r-/^F||,0) < {cOn2n-%a„ #r-\V\\{B^+HO)) < (a;„2")-i||y||(Sr'(0)) < q+1/2. 
Hence, there is a stationary integral varifold W on B2~^^{0) with 

g<e(||T^||,0) < K2")-i||l^||(i?J+i(0)) <(? + l/2 
such that, passing to a further subsequence without changing notation, 

(14.17) v.,,#r-\v^w 



1J> 



as varifoldson^g+Ho)- The estimate (14.15) implies that spt ||M^||n(Rx5i) C spt ||H||n(Rx5 
and since dist^^ i^P^WVa^., #^k' n (R x i?i), spt n (R x Bi)) — *• 0, it follows from (14.16), 
the triangle inequality and the weak convergence ||Cfc/|| ||H|| on R x i3i/2 that spt ||H|| n (R x 
{Bi/2 \ < 1/16})) C spt \\W\\ n (R X (Bi/2 \ {\x^\ < 1/16})). Hence spt n (R x Bi) = 
spt ||H|| n (R X Bi), from which it also follows that (||T^||, 0) = q. 

Thus (14.17) contradicts case 0(||Co||,O) = q of the induction hypothesis {H2), proving the 
Lemma. □ 

Corollary 14.2. Let q be an integer > 2, and suppose that the induction hypotheses (HI), {H2) 
hold. Then the class Bg (defined in Section 5) satisfies property {B7) of the definition of proper 
blow-up classes (given in Section 4)- 

Proof. If not, in view of Lemma 9.1, there exists an element v^, G Bq such that, for j = 1, 2, . . . , g, 
vi{x^,y) = L\{x'^,y) if < and vi{x'^,y) = L-l^ix^^y) if > where L\,L2 : R" — R are 
linear functions with L-[{0,y) = L2{0,y) = and 

(14.18) 7^ Lf +^ and Lf 7^ 4^+^ for some ji,j2 € {1, 2, . . . , g - 1}. 

Since the average (v*)a = q~^ Yl'j=i'^i is linear (by property {B3)) and - {v*)a\\L^Bi)^'"* ~ 
{v^)a) e Bq (by property {B5I)), where v^, - («*)„ = {vl - («*)„, . . . ,vl - («*)„), we may assume 
without loss of generality that ('u^)a = and that 

(14.19) \\vAW{B,) = 1. 

By the definition of Bq, for each k = 1,2,3,..., there exist a stationary integral varifold of 
B^+\0) with 

(14.20) (a;„2")-^ \\Vk\\{B^+\0)) < q + 1/2, q-l/2< u;-^Vk\\{R x Bi) < q + 1/2 and 

'2 — / l^l|2. 



(14.21) Ei^ \xrd\miX)~.0 

as A; — 00, such that the following hold: If cr G (0,1), k is sufficiently large depending on a, 

Sfc C is the measurable set corresponding to S and vj^ : Bfj R, j = 1,2, ... ,g, are the 
Lipschitz functions corresponding to in Theorem 5.1 applied with Vk in place of V, then by 
Theorem 5.1, v]. < < . . . < vl, 

(14.22) Lipt;^<l/2 for each j G {1, 2, . . . , g}. 
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(14.23) 11^4 II (S,, X R) +7^" (Sfe) < C^El 
where G (0, oo) is a constant depending only on n, q and cr, 

(14.24) spt||yfc||n((S^\Sfc)xR) = U|^igraphi;^n((B^\Sfc)xR), and 

(14.25) E^\i ^ vi 

where the convergence is in L'^{Bfj) and weakly in W^'"^ (^o-)- Note that by (14.20), after passing to 
a subsequence without changing notation, there exists a stationary integral varifold V of i?2^^(0) 
such that Vk V, and by (14.21), spt ||F L(Rx Si)|| C {0} x^i, so by (14.20) and the Constancy 
Theorem for stationary integral varifolds, V l_(R x Bi) = q\{0} x Bi\. Hence by replacing 14 with 
Vo,i/2# Vk, and noting that by homogeneity of u^, the coarse blow-up of {770,1/2 # ^fe} is still v^,, we 
may assume that for all sufficiently large k, 

(14.26) g- 1/4 < iuJn2'')-'\\Vk\\iB^+H0)) <q + l/4. 

By using the argument justifying the assertion (9.7) , wc may pass to a subsequence without changing 
notation and find points Zk G spt ||Vfc|| n 5"+\0) with 6 (|| Vit||, Z^) > q and Zk 0. Replacing Vk 
with r]z^.^i-\z^.\ # ^fc) we may thus assume that 

(14.27) e(||14||,0) >(7 

for each k = 1,2,3, ... , and in view of (14.26), the monotonicity formula implies that the new Vk 
satisfy (14.20). We now argue that for each sufficiently large k, we must have that 

(14.28) / \x'\' d\m{X) <l inf / d\st'{X,P)d\\Vk\\{X). 

J-RxBi ^ {P=W=>^x^}} JrxBi 

If this were false, then there is a subsequence {k'} of {k} and corresponding to each k' , a number 
Xk' € R such that, with Pk' = {x^ = Xk'X^}, we have 

/ dist^{X,Pk')d\\Vk'\\{X)<lEl 
for all k'. In particular, for each cr G (1/2, 1) and sufficiently large k', 

(14.29) (i + a2,)-i^ [ {vi,{x^y) - Xk'X^f dx^dy <IeI, 

whence (1 + X\,y^X\, /b^^^VS;^, dx'^dy < ^--Ef,; thus, |Afe/| < CEk' for ah sufficiently large k', 
where C = C{n) € (0, 00), and hence, passing to a further subsequence without changing notation, 
E~^Xk' i for some ^ G R. It follows from (14.29) and (14.23) that 

V / {vi, - Xk'X^ dx^dy < -(1 + XDeI + 2C^ sup {\vk'f + Xl,\x^f) El- 

First dividing this by E'^, and letting k' — 00, and then letting a — 1, we see that Yl'j=i ~ 
Ix"^)"^ < 5/6. Since vi{x'^,y) = ijx'^ if a;^ < and vi{x'^, y) = rrijx'^ if .x^ > for some £j, ruj G R, this 
implies that f^^ b^p— 2£X]j=i(^i+"^i) lBin{x^>o} I^^P — ^Z^' which is a contradiction 

since {v^)a = (so that Ej=i^j = Ej=i"ij = 0) and /g^ = 1. Thus (14.28) must hold for ah 
sufficiently large k. 
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For j = 1,2,3,..., q and k = 1,2,3,..., let h'; = EkL{, = EkL^ = graph /i^^ G'; = 
graph and Ck = Ei=i \H^\ + \Gj\. By (14.22), (14.23) and (14.24), 

/ dist^X,spi\\Ck\\)d\\Vk\\{X)<2 [ \vk-EkV^f 

(14.30) +C„ sup dist^ (X,spt ||Cfc||)i^fc. 

xespt||v-fc||n(RxB<,) 

By (14.19) and homogeneity of v*, Jg \v*\'^ = cr"'+^, so by (14.25), for each 9 G (0,1/8) and 
a e (0, 1), /g^ \vk\'^ > (1 - 0)a''+^El for sufficiently large k. Since 

/ \x'\'d\mix) = j2 [ ^1 + WKi'-E / \/iHD^KP 



> [ \vk\^ - 2Ca fsup \vkA El 
Jb„ \b^ j 



+ / |x^|2d||Vfe||(X) 



it follows that 

JRx{Bi\B„) 

(14.31) < (l - (1 - ^)^"+' + (^sup 

for all sufficiently large A;. By the triangle inequality, 
/ dist2(X,spt||Cfe||)d||Ffc||(X) 

Jnx{Bi\B^) 

<2 / |xi|2d||Vfc||(X)+2dist|^(spt||Cfc||n(RxSi),{0} xBi)||Vfc||(Rx (Bi\5,)) 

^Rx(Bi\B^) 



(14.32) <2 \x'fd\\Vk\\{X) + CH''{Bi\B,)El 

Jllx{Bi\B„) 

for all sufficiently large k, where C = C{n,q) £ (0, oo). Here we have used the fact that Vk l_(R x 
Bi) — > q\{0} x Bi\. Thus, if 71 = 71 (n, q, a) G (0, 1/2) is the constant as in Lemma 14.1, then we 
may fix ^ = 6{n, q, a) € (0, 1/8) sufficiently small and a = (T{n, q, a) € (0, 1) sufficiently close to 1 
in order to conclude from (14.25), (14.30), (14.31) and (14.31) that for all sufficiently large k, 



(14.33) / dist^{X,spt\\Ck\\)d\\Vk\\{X)<-^El 

JRxB, 4 



/RxBi 

In view of (14.18), we have by the argument leading to (9.5) that for all sufficiently large k, 
T,kC BaCi {Ix^l < 1/64} and that 

(14.34) Vk L((R X B^) n {x^ < -1/64}) = ^ Igraph^l L((R x B^) n {x^ < -1/64}) and 

(14.35) Vk L((R X Ba) n {x"^ > 1/64}) = |graphu;^| L((R x B^) n {x'^ > 1/64}) 
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where ul < ul <.. .ul and wl < wl <.. . wl (thus, t'fclB^n{:r2<-i/64} = and Vk\B^n{x^>i/m} = 
Wk), ul.,w-j^ are functions on B^^ n {x^ < —1/64}, B^^ n {x^ > 1/64} respectively, solving the 
minimal surface equation there, and satisfying, by elliptic theory, 

(14.36) sup \Dui\'^+ sup \Dwi\'^ <C{K,a)El 

B«an{i;2<-l/64} B«^n{j;2>l/64} 

for each n G (0, 1), j = 1, 2, . . . , g where C{k, a) € (0, oo) is a constant depending only on n, k and 
a. We see from (14.34), (14.35), (14.36) and (14.25) that 

/ dist^{X,spt\\Vk\\)d\\Ck\\{X) 

^Rx(Bi/2\{|a;2|<l/64}) 

(14.37) < 2 V I / \EkL{ - uif + [ \EkL{ - w'j/] < VkEl 

~l \^Bi/2n{x2<-l/64} 7Bi/2n{x2>l/64} J 

where r]k 0. By (14.33) and (14.37), 

/ dist2(X,spt||14||)d||Cfc||(X)+ / disi^{X,spt\\Ck\\)d\\Vk\\{X)<^El 

^Rx(Bi/2\{|i;2|<l/64}) ^RxBi ^ 

for sufficiently large k, which in view of (14.20), (14.21) and (14.27) contradicts Lemma 14.1. □ 

Theorem 14.3. Let q be an integer > 2, a G (0, 1) and suppose that the induction hypotheses 
(HI), {H2) hold. Let Bq he the class of functions defined in Section 5. (Thus, each v £ Bq is a 
coarse blow-up, in the sense described in Section 5, of a sequences of varifolds in Sa converging 
weakly, m R x Bi, to q\{0} x Bi\). If v = {v^,v'^, . . . ,v'^) G Bq, then is harmonic in Bi for each 
j = 1,2, . . . ,q; furthermore, if {Vk} G Sa is a sequence whose coarse blow-up is v, and if for each 
of infinitely many values of k, there is a point Zj. G spt ||Vfe|| fl (-B3/4 x R) with B (||Vjt||, Z^) > q, 
then = v'^ = . . . = v"^. 



Proof. By the discussion of Section 8 and Corollary 14.2, Bq is a proper blow-up class for a constant 
C = C{n,q) G (0,00). The present theorem follows from Theorem 4.1 and the remark at the end 
of Section 8. □ 



15. The Sheeting Theorem 

This section is devoted to the proof of the Sheeting Theorem (Theorem 3.2') subject to the 
induction hypotheses {HI) and {H2). 

Lemma 15.1. Let q be an integer > 2, a G (0,1) and G (0,1/4). Suppose that the induction 
hypotheses (HI), {H2) hold. There exists a number (3q = (5o{n,q,a,6) G (0,1/2) such that if 
V G Sa, (cc;„2")-i||y||(B^^+i(0)) < q + 1/2, q - 1/2 < {uJn)-^\\V\\{Bi x R) < g + 1/2, and 
j^^j^^disi^ {X,P)d\\V\\{X) < po for some affine hyperplane P 0/ R"+^ with distf^ (P n {Bi x 
R),Si X {0}) < Po, then the following hold: 

(a) Either F L(5i/2 x R) = l]j=i Igraphujl where uj G C^(Bi/2;R) for j = 1,2, ...,q; 
Ul < U2 < . ■ ■ < Uq on Bxi2, Ujg < UjQ+i on Bi/2 for some jo G {1,2, . . . ,q — 1} and, for 
each j G {1,2,..., q], 

supB^ \uj-p\^ + \Duj -Dp\^ + \D'^Uj\^ <C [ dist^ {X,P)d\\V\\{X) 
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where C = C{n,q) G (0, oo) and p : R" ^ R is the affine function such that graphp = P; 
or, there exists an affine hyperplane P' with 

distf^ (P'n(Rx5i),Pn(Rx5i)) <Ci / disi^ {X,P)d\\V\\{X) and 

e-""-^ [ dist'^{x,p')d\\v\\{x)<C2e'^ [ dist'^{x,p)d\\v\\{x) 

where Ci = Ci(n, q) £ (0, oo) and C2 = C2(n, q) £ (0, 00). 
(b) iiOn{2er)-^\\V\\{B'^+\0)) <q+l/2 and q - 1/2 < {iOne'T^V\\(R x Bg) < q + 1/2. 

Proof. For each A; = 1, 2, 3, . . . , let G jSq be such that 

(15.1) (a;„2")-i||T4||(S2"+i(0)) <g + l/2 and q - 1/2 < {oJn)-^Vk\\iR x Bi) < q + 1/2, 
and let Pk be an affine hyperplane of R""*"^ such that 

(15.2) distw (Pfc n (R X Bi),{0} x Bi) ^ and 

(15.3) / dist2(X,Pfc)d||14||(X)^0. 

JkxBi 



The lemma will be established by proving that for each of infinitely many k, the conclusions hold 
with Vfe in place of V, P^ in place of P and with fixed constants C = C{n,q), Ci = Ci{n,q), 
C2 = C2{n,q) G (0,00). 



By (15.2), (15.3) and the triangle inequality, Ek = y /rxBi '^ll^fcll(^) ~^ 0; ^■^d hence, by 
(15.1) and the Constancy Theorem, Vk l_(R x Si) ^ q\{0} x so that 

q-l/2< (a;„r)-' ||Vfc||(R xBe)<q+ 1/2 

for sufficiently large k. Furthermore, by the monotonicity formula (6.1), 

{un{2err' mm+'m < {^^2^)-' \mm+\Q)) < g+ 1/2. 

Thus, conclusion (b) with in place of V holds for sufficiently large k. 

For each k = 1, 2, 3, ... , there exists, by (15.2), a rigid motion F^ of R"+^ with F^ Identity 
such that Tk{Pk) = {0} X R". Let % = r/9/io#Ffc# F^. Then by (15.1), (a;„2")-i (5^+^(0)) < 
q + 1/2, and by (15.3), 



(15.4) / |xipd||Ffc||(X)< fA") " I dise{X,P^)d\\Vu\\{X)^Q. 

JRx_Bi<)/is \^^J J-RxBi 

It follows again by the Constancy Theorem, for all sufficiently large k, 

q-l/2<{un)-^\\Vk\\{B.xBi)<q+l/2. 

Let V = {v^,v'^, . . . ,v'') £ Bq he the coarse blow-up of (a subsequence) of Vk by the coarse excess 

Ey^ = '^ll^fclK-'^)- Suppose first that the -u-^ 's are not all identical to one another. 

Then by Theorem 14.3, for all sufficiently large k, 

Z6spt||Vfc||n(RxS3/4) =^ Q{\\VklZ)<q- 
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hence, by Remark 3 of Section 7, we may apply Theorem 3.4 followed by elliptic theory to Vk and 
conclude, after transforming by F^^ o r/^^^Q, that 

g 

Vk L(R X B1/2) = J2 lgi-aph<| 

for all sufficiently large k, where G (7^(i?i/2; uj. < < . . . u^; uj^ < w'^^^ on B1/2 for some 
jo e {1,2,... ,q- 1} and, for each j G {1, 2, . . . , q}. 



supB \ui-pkf + -Dpk\'' + \D^4f <C [ 

' JRxBi 



dist^ {X,Pk)d\\Vk\\iX) 



where C = C{n,q) ^ (0, 00) and pk '■ R" ^ R is the affinc function such that graph = P^. 

If on the other hand = = . . . = v*^ {= v, say) on Bi , then letting p{x) =v{0) + Dv{0) ■ x and 
Pjfc = graph it follows from Theorem 5.1 and the standard estimates for harmonic functions 

that 

(15.5) distn {h n (R x Bi), {0} x B^) < CEy^ and 



(15.6) e-^-^ I dist2(X,Pfe)d||Vfe||(X)<C^2£,2 

for all sufficiently large k, where C = C{n,q) G (0, oo). Setting = flQ^iQ^k ^ Pk^ it follows readily 
from (15.5), (15.6) and (15.4) that 

distw (Pfe n (R X Pi), Pit n (R X Pi)) <C I dist' {X, Pfe) d\\Vk\\{X) and 
^-"-2 / dist2(X,P^)d||yfc||(X)<C^2 /• dist2(X,Pfc)d||Ffc||(X) 

JRxBg JRxBi 
for all sufficiently large k, where C = C{n,q) G (0,oo). Thus, conclusion (a) with 14, Pfc, P^ in 
place of V, P, P' and with a fixed constant C = C{n, q) G (0, oo) holds for infinitely many k. □ 

Theorem 15.2. Let q he an integer > 2, a G (0,1), 7 G (0,1) and suppose that the induction 
hypotheses {HI), {H2) hold. There exists a number e = e{n,q,a,j) G (0,1) such that the following 
is true: IfV G Sa, {un2'')-^V\\{B^^'+\0)) <q+l/2, {q-1/2) < uj-^V\\{B, x R) < {q + 1/2) 
and = Jj^^Bi l^^l'^ d\\V\\{X) < e, then 

1 

V l_(P^/2 R') = X] I graph I 

where Uj G C^''^(P^/2) fo'^ c^^c/z j = 1,2, . . . ,q, ui < U2 < ■ ■ ■ < Uq and 

supi\u,\ + \Du,\)+ sup I^^.C^i) -uf2)\ |,i|2^||^||(^)y/\ 

Here C = C{n, q, a, 7) G (0, 00) and A = A(n, q, a, 7) G (0, 1). Furthermore, for each j = 1,2, . . . ,q, 
the function Uj solves the minimal surface equation on P-y/2- 

Proof. Let 7 = (1 — 7)/4. Let C = C{n,q), Ci = Ci{n,q) and C2 = C2{n,q) be the constants 
as in the conclusion of Lemma 15.1. Choose e = 9{n,q) G (0,1/4) such that 028'^ < 1/4 and 
e = e{n,q,a,^) G (0,1) such that e < (1 + Ci)~^'y^~^'^Po/8 where /3o = Poi'n,q,a,6) is as in 



82 NESHAN WICKRAMASEKERA 

Lemma 15.1. Additional restrictions on e will be imposed during the course of the proof, but we 
will choose e depending only on n, q, a and 7. 

Suppose that = /^xSi < e, and let 

{/ 20 \ ""^^ 
4-i(l + 2Ci)-'/3o, 4-i7"a;-i(2g + l)-i/3o, (2 + a;„(2g + l)Ci)-M y j eo, 

8-iu;„4-'^r (256^-2 + + 1)C) (2 + u;„(2g + l)Ci)-^} 

Here eo = €o(^) <?) 5/6), C = C{n,q, 5/6), where eg = €Q{n,q,-) is as in Theorem 5.1 and C = 
C{n, q, •) is as in Theorem 5.1(a). Note that P depends only on n, q, a and 7. Let Pq be any affine 
hyperplane such that 

(15.7) dist^ (Po n (R X Bi), {0} x Bi) < (3. 
Fix any point Y G -B^(O) and let V = 'riY,'^# V- Note then that 

4 = / dist2(X,Po)ci||V^||(X)=7-"-' / dist2(X,y + 7Po)d||F||(X) 

< 27-^-2/ |x^|2d||y||(x) + 
./Rxs^(y) 

27-"-2||y||(R X B;^)dist|^ (y + 7P0 n (R X -B^(y)), {0} X B;^(y)) 

(15.8) < 27-"-2i;2 + 7-"a;„(2g + l)dist|^ (Pq n (R x Pi), {0} x Pi) < 27-"-2e + /3o/4 < /?o. 

Furthermore, assuming e < eo ^n, q, where eo is as in Theorem 5.1 and applying Theorem 5.1 
with cr = (3 + 7)/4, we have that 

[u^nT)-^ wm X B^{Y)) - q = {unrr' E / (aAhd^ - 1) dx 

j=l -^-B^XS \ / 

- {iOnTr^ {qrr{B^ n S) - ||y||(R X [B^ n E))) 

< i^nTr' f \V''x'\''d\\V\\{X) + {unTrHQ + ^)CEl 

< I67-' {u^nT)-' I d\\V\\{X) + (a;„7")"' {q + 1)CEI 

Jb.xB^{Y) 

(15.9) < {oonTr' (I67"' + {q + l)C)Ev- 

Here C = C (^n,q,^^^ where C = C{n,q,-) is as in Theorem 5.1(a), and , E are as in Theo- 
rem 5.1; we have also used the fact that /pj^^^^j-y^ |V^ x-^p d||y||(X) < l&y^'^ J-^^^^^Y)\^^\'^ d\\V\\{X), 
which follows from (5.1). Thus if e = e(n, q, a, 7) G (0, 1) is sufficiently small, this says that 

(15.10) g - 1/2 < (cj„)-i||y||(R X Pi) < g + 1/2. 

Since (^„2")-i||y||(Pj+\0)) = (^„(27)")-^ \\V\\{B^^\Y)) < {un{2jrr' ll^ll(R x B^^iY)), the 
same estimate with 27 in place of 7 shows that 

(15.11) (u;„2")-i||y||(P;^+i(0)) <(? + l/2 
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provided e = e(n, g, a, 7) € (0, 1) is sufficiently small. 
We claim that either (I) or (II) below must hold: 

(I) for each k G {0,1,2,...}, 

(15.12) (a;„(2^'=)-)"' \\V\\iB^+\0)) <q + l/2- q-l/2< (a;„(0*^)-)-i||F||(R x B,,) < g + 1/2; 

there exists an affine hyper plane Pk such that, if > 1, 

(15.13) dist^ {Pk n (R X Bi), Pk-i n (R x Bi)) < CiA-^E} and 

V 5-* 



(^')-"-' / d\si^{X,Pk)d\\V\\{X) 



(15.14) < 4-i(0^-i)-"-2 f dist2(X,Pifc_i)d||F||(X) < ... < ^-"El p^. 



(II) there exists po € (0,1) such that F l_(R x 5^^) = | graph tXjl for functions Uj G 

(Bpf,; R), j = 1, 2, . . . , g, satisfying ui < U2 <■..< Ug on Bp^; uj^ < uj^+i on Bp^ for 
some jo G {1, 2, . . . , g — 1} and 

(15.15) < (C + 2Ci)^~_p^ + 4dist^ (Po n (R X Pi), {0} x Pi) 

for each j e {1,2, . . . , q}. 

To see this, let be the smallest integer (> 1) such that alternative (I) fails to hold. If kg = 1, 
in view of (15.8) and (15.10), it follows directly from Lemma 15.1 applied with V in place of V 
and with P = Pq that (II) must hold with pQ = 1/2. Suppose ko > 2. Then by assumption, the 
inequalities (15.12), (15.13) and (15.14) hold for each k = 1,2, . . . , ko — 1 and consequently, by 
(15.7), (15.13) and the triangle inequality, 

dist^^ (Pfc,_i n (R X Pi), {0} X Pi) < (^^lE^ p^^ + distw (Po n (R X Pi), {0} X Pi))' 

(15.16) < 4Ci7-"-2e + po/2 < Pq. 

Applying Lemma 15.1 with r/gfco-i ^ in place of V and Pfc,,-! in place of P, wc see by the defining 

property of ko that V\ (R x Bgk„-i^2) — l^j=i Igraphujl where uj G (Pgfco-1/2; f^) 3 — 

1,2, q; ui < U2 <■■■< Uq on Bgkg-i j^', Uj < tij_|_i on BqUq-i for some j G {1, 2, . . . , g — 1} and 

(15.17) < C(^'="~i)-"-2 / dist2(X,Pfco_i)d||y||(X) < C4-(*^°-i)p| 

for each j G {1,2, . . . ,q}\ here p : R"' — >■ R is the affine function such that graphp = Pfco-i- In 
view of (15.8) and (15.16), this evidently implies alternative (II) with po = 0^°~^. Thus either (I) 
or (II) holds as claimed. 

Suppose that (I) holds for some Pq satisfying (15.7). It is standard then that there exists a 
hyperplane P with 

(15.18) disin (P n (R X Pi), Po n (R x Pi)) < CiP^ 
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such that 

(15.19) p-^-^ [ dist^ {X,P)d\\V\\{X) < C^p'^EI p^ 

for each p G (0, 1), where C3 = C^{n,q) G (0, 00) and p, = p{n,q) G (0, 1). Note that P does not 
depend on Pq, nor do the constants C3 and p. Moreover, in this case, we claim that we have for 
each p e (0, 1/4) that 

(15.20) (a;„(2p)")-^ \\V\\{B^+\0)) <q+l/2 and g - 1/2 < {unpT^WVWiR x Bp) <q + l/2. 

To see this, given p G (0, 1/4), clioose k such that 6^+'^ < Ap < 6'' and note by (15.12), (15.13), 
(15.14) and the triangle inequahty that 

W""'' / \x'fd\\V\\{X) 

< 2(2 + (j„(2g + l)Ci){T'"'^El + dist^ (Po n (R X B^), {0} x B^)) 

(15.21) < 2(2 + w„(2g + l)Ci){^-''-h + /?) 

so provided e = e{n,q,a,^) G (0,1) is sufficiently small, we may, in view of (15.12), apply Theo- 
rem 5.1 with r]0k ^ y in place of F, a = 5/6 and estimate exactly as in (15) (with r]gk in place 
of F, y = and 9~^p in place of 7) to deduce that 

(cun ^^11 (R X Be-kp{Y)) - q 

< 2 (iOn [9-'' pYY^ (^16 (0-V)~' + (g + l)C^) (2 + u;„(2g + l)Ci) (^""'e + 

< 2w-i4"^-" (256^?-2 + {q+ 1)C) (2 + c^„(2g + l)Ci) (t'^-^c + (3) . 

(Recall that C = C(n,g, 5/6) where C = C{n,q,-) is as in Theorem 5.1(a)). From this, (15.11) 
and the monotonicity formula, we deduce that (15.20) holds provided e = e{n,q,a,'y) G (0,1) 
is sufficiently small. It then follows, if alternative (I) holds for some Pq satisfying (15.7), that 
spt ||T^|| n 7r~^(0) consists of a single point (= P n 7r~^(0)); to see this, first note that spt fl 
7r~^(0) 7^ by the second inequality in (15.20). Let Z G spt \\V\\ H 7r^^(0) and Cz be a tangent 
cone to V at Z. Thus r]z,a #y Cz for some sequence of numbers cjj O"*", and by (15.19), 
dist-H (spt \\r]z,<Tj#y\\'^{^^ Bij2),(Jj^{P - Z)lr^{Kx B^I2)) 0, which can only be true if Z G P. 
But by (15.18), P fl 7r~^(0) consists of a single point. 

Thus if alternative (I) holds for some Pq satisfying (15.7), then, since alternative (II) implies 
that spt ||F|| n 7r~-'^(0) has at least two distinct points, (I) must hold for all Pq satisfying (15.7). 
Taking Pq = R" x {0}, we deduce from (15.18) and (15.19) that 

(15.22) distw (P n (R X Pi), {0} X Pi)) < C^-^-^P^ < C^-^-^e and 

(15.23) I jigt2 d\\V\\{X) < C37-"-2p^ < C37-"-2e 

jRxBp 

for p G (0, 1). So if we choose e = e{n,q,a,j) such that Ci7~"""^e < /3 we may in particular take 
Pq = P in (15.19). Thus we have so far established the following: 

Given q, a, 7 as in the theorem and that the induction hypotheses {HI), {H2) hold, there exists 
e = e(n, g, a, 7) G (0,1) such that if y G 5q satisfies the hypotheses of the theorem, Y G P-y, 
V = ilY,^^ V where 7 = (1 — 7)/4, then either alternative (I) above holds for all affine hyperplanes 
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Pq satisfying (15.7) or alternative (II) above holds for all such Pq; furthermore, if alternative (I) 
holds, then the bounds (15.20) are satisfied for each p G (0, 1/4), the estimates (15.22), (15.23) are 
satisfied and 

(15.24) p-^-^ [ dist^ {X,P)d\\V\\{X) < Csp''^ [ dist^{X,P)d\\V\\{X) 

for p G (0,1), where P is a (uniquely determined) affine hyperplane, C3 = Cs{n,q) G (0, 00) and 
p = p{n,q) G (0, 1). 

Now suppose the hypotheses of the theorem are satisfied with a number e' = e'(ra, q, a, 7) G (0, e) 
in place of e, and that alternative (I) (with Y G Bj, V = r]Y,^# V as above) still holds. Then for 
any p G (0, 1/4) we have by (15.22), (15.23), (15.20) and the triangle inequality that 

p-""-^ [ \x^\^d\\V\\{X) < {2C3 + uJn{2q + l)Ci)T''~^E^ < 2(^3 + Ci)e'. 
jRxBp 

Thus if we choose e' = e' {n, q, a,j) sufficiently small, wc may, in view of this and (15.20), repeat 
the argument leading to (15.24) with rjpj^V (for which alternative (I) must hold) in place of V] by 
applying (15.24) with rjp^V in place of V and p~^a in place of p, we deduce that if alternative 
(I) holds for some Pq satisfying (15.7), then there exists a unique affine hyperplane P satisfying 
(15.22) and 

(15.25) / dist2(X,P)d||y||(X) < C3 f-Vp-"-^ / dist^ {X, P) d\\V\\{X) 
JnxBa \PJ JnxBp 

for each < a < p < 1/4. 

If on the other hand (I) fails for some Pq satisfying (15.7), then it fails with Pq = {0} x in 

which case (by (II)) there exists po G (0, 1) such that V I (Rx Ppg) = X]j=i Igraph-Ujl for functions 

Uj G {Bp„; R), j = 1,2, . . . ,q satisfying ui < U2 <■■■< Uq on Bp^; uj < Uj+i on Bp^ for some 
j G {1,2,... ,g- 1} and 

for each j G {1, 2, . . . , q}. 

Thus we have shown that if the hypotheses of the theorem are satisfied with sufficiently small 
e' = e'(n,q,^) G (0,1) in place of e, then for each point Y G By, precisely one of the following 
alternatives (ly) and (Ily) must hold: 

(ly) there exists an affine hyperplane Py with 

(15.26) dist^ (Py n (R X Bi{Y)), {0} x Bi{Y)) < CiT'^-'^eI 
such that 

(15.27) 

a-"-' [ dist^iX, PY)d\\V\\{X) < C3 (-) "p-"-' / dist2(X,Py)d||y||(X) 

JllxBaiY) \Pj JRxBpiY) 

for each < d < p < 7/4, where C3 = Cs{n, q) G (0, 00) and p = p(n, q) G (0, 1), or 

(Ily) there exists py G (0,1/2] such that V\ (R x Bp^^Y)) = Igraph^Jj for functions 

uJ G C2 (Ppy(y);R), j = 1,2, . . . ,g, satisfying < < . . . < on Ppy(y); uj^ < 
uj^_^_-^ on Bpy{Y) for some jo G {1, 2, . . . , g - 1} and 

(15.28) supB^^^Y)PY^\4\^ + \DuJ\^ + pi^\D^uJ\^ < {C + 2Ci)T'''^ Ey 
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for each j £ {1,2, ... , q}, where C = C{n,q) G (0, cxd). 



Let Q, = {Y G Bj : (ly) fails}. Since uj < uj_^_-^ on for some j whenever (Ily) holds, it 



follows that is an open set. Hence, since for every F e O, each of the functions uJ as in (Ily) 
solves the minimal surface equation on Bpy (Y) , by unique continuation of solutions to the minimal 
surface equation, we see that 

<? 

(15.29) y l_(R X O) = ^ IgraphiijI 

for functions Uj G (O; R), solving the minimal surface equation on Q, and satisfying ui < U2 < 
. . . < Uq on fl; Uj < Uj-\-i for some j G {1, 2, . . . , g — 1} in each connected component of Q (by the 
maximum principle) and 

(15.30) supf^lujf + \Dujf < (C + 2Ci)7-'*-2^^ < (C + 2Ci)7-"-2e' 

for each j G {1, 2, . . . , q}. This means that for each affine function p : R"' — > R with sup^^ |pp < 
Ci7~'^~^e' and each j = 1,2, ... ,q, the function wj = Uj — p G (Q) solves a uniformly elliptic 
equation with smooth coefficients on of the type a^^DeD^ Wj+h^D^ Wj = with supf2 \aik I + I ^ 
K, K = K{n,q,^) G (0, go). By using the standard second derivative estimates for solutions to 
such equations, we conclude that for each y G each j = l,2,...,q and each affine function 
Pj : R" -> R with supg^ < Cij-''-'^e', 

2 

n-2 I I , Y\2 ^ r< I " \ „-n-2 / i . „ |2 



(15.31) a-"-' / \uj-p) r < C4 - p-"-' / \uj-pj 

Jb^(Y) VP/ JSpiY) 

for < 0- < p/2 < idist {Y,B^\n), where C4 = C4(n,g,7) G (0,oo) and pJiX) = Uj{Y) + Duj{Y)- 
(X-Y). 

Since for each Y G B^\0., spt ||y || n tt^^{Y) consists of a single point (zy, Y) (= Py n 7r~^(y)), 
for each j = 1,2, . . . ,q, we may extend uj to all of by setting Uj{Y) = zy for Y e B^\^. Then 
by (15.29), 

1 

V L(R X S^) = ^ |graphuj|. 

Letting S C be as in Theorem 5.1 taken with a = 7, we see from (15.26) and (15.27) that S C O 
provided e' = e' {n,q,a,^) is sufficiently small. Hence, by Theorem 5.1, ttjl^ : S-y \ O ^ R is 
Lipschitz with Lipschitz constant < 1/2, so that by (15. 27), (15. 30) and the area formula, it follows 
that 

(15.32) / \u, -p^p = 2C3 ( -V%-"-' / W-p''\^ 

for each F G S-y \ $7 and each a, p with Q < a < p < 7/4, where and p^ : — R is the affine 
function such that graph = Py. 

In view of (15.31) and (15.32), we conclude from Lemma 4.3 that Uj G C^'^ (-^7/2) with 
sup |«,f + p«,f + sup '^"^iJ'^"?^^'^'' <cJ \x'\^d\\V\\{X) 

YiX2&B^/2,Yx^Y2 \l^l-i2\ JnxBi 

for each j = 1, 2, . . . , g, where C5 = C5(n, q, 7) G (0, oc) and A = \{n, q, 7) G (0, 1). 

To show that, for each j = 1,2, . . . ,q, Uj solves the minimal surface equation on 5^/2? we argue 
as follows: We know that on the open set Q, each Uj solves the minimal surface equation, and on 
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\ O, the functions uj all agree, so if -B-y/2 C O or -B-y/2 n = 0, there is nothing further to prove. 
Suppose dQn 7^ 0) and pick any connected component W of $7 such that dQ' Cl 7^ 0- Let 
B C be an open ball such that B ndQ' n B^/2 and let xq e d B n dfl' D B^/2. Pick any 
j' G {1, 2, . . . , g — 1} and let = Uj+i — Then wj solves in B a uniformly elliptic equation with 
smooth coefficients. Since wj G C^{B^/2)j Wj > and Wj{xQ) = 0, it follows that Dwj{xo) = 0, and 
hence by the Hopf boundary point lemma, Wj = in B, and by unique continuation of solutions of 
the minimal surface equation, wj = in Thus we conclude that in case dno By/2 0; all of 
the Uj^s must be identical to one another and solve the minimal surface equation on D 



16. The Minimum Distance Theorem 



Let q be an integer > 2 and let Cq be a stationary integral hypercone in R"+ such that spt ||Co|| 
consists of at least 3 distinct half-hyperplanes of R""*"^ meeting along a common (n — l)-dimensional 
subspace Lqo of R"+^. In this section we will use the multiplicity q case of the Sheeting Theorem 
(Theorem 15.2) to establish, subject to the induction hypotheses {HI), {H2), Theorem 3.3 whenever 

(16.1) e(||Co||,0)G {5 + 1/2,9 + 1}; 

our argument will also establish Theorem 3.3 in case B(||Co||,0) G {3/2,2}, with no further hy- 
potheses. (See the Remark at the end of the section.) 

Suppose Co satisfies (16.1), and without loss of generality assume that Lcq = {0} x R""-^. 
Thus, spt ||Co|| = spt ||Ao|| X R"~^, where Aq is a 1-dimensional stationary cone in R^, whence 
Ao = Er=°i'zf |iif land 

mo 

(16.2) Co = Y.qfm 

i=i 

where ttiq is an integer > 3, q^^^ is a positive integer for each j = 1,2,..., mo, Rj^^ = i^w^-^^ : t > 0} 

for some unit vector Wj^^ G C R^ with Wj^^ ^ w^'^'* for j / fc, and R^^^ = RjXlV^~^. Stationarity 
of Co is equivalent to the requirement 



mo 

(16.3) E^f-f =0- 



Since, by (16.1), 



mo 



(16.4) g|2g + l,2g + 2}, 
we see readily from (16.3) that 

(16.5) q^^^ < q for each j = 1, 2, . . . , mo. 

The theorem we wish to prove is the following: 

Theorem 16.1. Let q be an integer > 2, a G (0, 1) and suppose that the induction hypotheses 
(HI), {H2) hold. Let Cq be a stationary cone as in (16.2), where mo > 3 and Hf^ ^ H^^^ 

for j 7^ k, and suppose that Cq satisfies (16.1). For each 7 G (0, 1/2), there exists a number eo = 
eo(n,g,a,7,Co) G (0,1) such that if V G Sa,e{\\V\\,0) > e(||Co||,0) and {uJn2'')-^\\V\\{B'^+\0)) < 
G(||Co||,0) +7, then 

distw (spt||y|| n5['+^(o),spt||Co|| nsj'+Ho)) > eo- 
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Notation: Let Cq be as in (16.2), with the associated unit vectors Wj^^ G R^, j = 1,2, . . . ,mo, as 
described above. We shall use the following notation in connection with Cq: 

(To = max {wj'^^ • w^°^ : j,k = 1,2, ... , m,, j ^ k}. 
N{Hj^^ ) is the conical neighborhood of Hj^^ defined by 



N{Hf) = G R2 X R"-^ : x ■ wf > \j^-^\x\j . 

Given Cq as above, /C denotes the family of hypercones C of R"+-'^ of the form 

mo 'ij 

(16.6) C = ^^|i7,,,|, 



where Hj £ are half-hyperplanes of R"'^-'^ meeting along {0} x R" ^ with Hj £ G N{H^^^) for 
each J G {1, 2, . . . , mo}, ^ G {1, 2, . . . , qf^}, and Hj i,Hj 2,--,H. (o) not necessarily distinct for 

J ' ' J,Qj 

each J G {1, 2, . . . , mo}. Note that unless otherwise specified, we do not assume a cone C G /C is 
stationary in R"'+^. 

For p G {mo, mo + 1, . . . ,2q}, K.{p) denotes the set of cones C G /C as in (16.6) such that the 
number of distinct elements in the set {Hjj^ : j = 1,2, . . . , mo, £ = 1,2, . . . , qf'^} is p. Thus 

/c = u^2(ii^oii.°)/c(p). 

r{X) = dist {X, {0} X R"-i) for X G R"+^ 

For the rest of this Section, we shall fix Co as above, with fixed labeling of the elements of the 
set {Hj^^ : j = 1,. . . ,mo} of constituent half-hyperplanes of spt ||Co|| and with 1 < i < mo, 

denoting the multiplicity on Hj^^ . 

For a G (0, 1), 7 G (0, 1/2) and appropriate e G (0, 1/2), consider the following: 
Hypotheses 16.2. 

(1) VeSa,Oe spt\\V\\, @i\\V\\,0) > e(||Co||,0), (a;„2")-i||y||(S2"+i(0)) < 6 (||Co||, 0) + 7. 

(2) C = YlY=i^e=i ^ "^h^f^ ^"^^ half-hyperplanes o/R""^^ meeting along {0} x 
R"-i with Hj^e G N{Hf^) for each j G {1, 2, . . . , mo} and ^ G {1, 2, . . . , qf}. 

(3) distw(spt||C|| nS^+\0),spt||Co|| n5]^+^(0)) < e. 

dist^ (X,spt||C||)d||F||(X) < e. 



Ibi 



(5) For each j = 1,2, . . . , mo, 
\\V\\{{B-+\0) \ {r{X) < 1/8}) n N{Hf)) > qfn"{{B-+\0) \ {r{X) < 1/8}) n ijf ). 

Remarks: (1) We have the following: 

For each 7 G (0,1/2) and r G (0,1/8), there exists e = e(n, g, r, 7, Co) G (0,1) such that if 
Hypotheses 16.2(l)-(4) hold, then 

{Z G spt ||F|| n ^iV/ieW • ® dl^ll' ^) > 1 + 1/2} C {X G R"+^ : r{X) < r}. 
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To see this, argue by contradiction, using the Constancy Theorem, upper semi-continuity of the 
density function O (•, •) and (16.5). 

(2) Theorem 15.2 impUes the following: 

Let q be an integer > 2. If the induction hypotheses (HI), {H2) hold, V G 5q,, Q. C 52^^(0) is 
open and 6 (||F||, ^) <q+l/2 for each Z £ spt n n, then (singF LO) = for each 

'y>0ifn>7and sing V l^n = $ if 2 < n < 6. 

This can be seen by reasoning exactly as in Remarks (2) and (3) of Section 7, with the additional 
help of Theorem 15.2. 

With the notation as above, for V G Sa, C E as in Hypotheses 16.2 and appropriate f5 G 
(0, 1/2), we will also need to consider the following: 

Hypothesis (f): Either (i) or (ii) below holds: 



(i) C G /C(mo). 

(ii) 2G(||Co||,0) > mo + 1, C G /C(p) for some p e {mo + I, mo + 2, ... ,2@ {\\Co\\,0)} and 



Remark: If Hypotheses 16.2, Hypothesis (f) for some /? G (0, 1/2) are satisfied, and if C G /C is 
such that spt ||C'|| = spt ||C||, then. Hypotheses 16.2, Hypothesis (f) taken with C' in place of C 
and 2qP in place of /3 will be satisfied. 

The basic L^-estimates of [[Sim93], Theorem 3.1], given in Theorem 16.2 and Corollary 16.3 
below, hold under our assumptions, namely, the induction hypotheses (HI), {H2), Hypotheses 16.2 
and Hypothesis (f): 



Theorem 16.2. Let q be an integer > 2, a G (0,1), 7 G (0,1/2), fi G (0,1) and r G (0,1/8). 
Suppose that the induction hypotheses {HI), {H2) hold. Let Co be a stationary cone as above (in 
particular with 0(||Co||,O) G + 1/2, q + 1}). There exist numbers eo = eo(n, q', a, 7, r, Co) G 
(0,1/2), Po = /3o("', a,7,T, Co) G (0,1/2) such that if V £ Sa, C £ K. satisfy Hypotheses 16.2 
with eo in place of e and Hypothesis (f) with Po in place of P, then, after taking appropriate C G /C 
with spt ||C'|| = spt ||C|| in place of C, relabeling C as C (see the preceding Remark) and writing 

C = Yl^=i'l2£=i\Hj,i\ where Hjj are half-hyperplanes 0/ R""*"^ meeting along {0} x R" ^ with 




Br+i(0)\{r(A)<l/16} 



dist^ (X,spt||F||)d||C||(X) 
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Hj^f^ € N{H^^^) for each j G {1, 2, . . . , mo} and £ G {1, 2, ... , q'^^}, the following hold: 



mo ^3 



(a) V L(5-+i(0) \ {r{X) < r}) = ^ ^ |graph«,- ,| where 

i=l £=1 

^ G C2 (5;^+H0) n i?,- ^ \ {r{X) < r}; for I < j < m^, I < i < qf\ 

Uj^i solves the minimal surface equation on 5^^^(0) fl Hj £ \ {r{X) < r} and 
dist (X + Uj,e{X),spt ||C||) = /or X e Bj^+\0) n if,- ^ \ {r{X) < r}; 

(b) / ^ ^^^II^IIW<C^/ , dist2(X,spt||C||)d||y||(X); 

n+1 „ » 

(d) / ^^^4^:S^^II^IIW<^i / dist2(X,spt||C||)d||y||(X). 



ifere C = C(n,Q;,7, Co) € (0, oo) and Ci = Ci(n, a, 7, ;u, Co) G (0, 00). In particular, C, C\ do not 
depend on r. 

Proof. Note first that by Remark (1) following Hypotheses 16.2, provided eo = eo(?^, a, t, Cq) is 
sufficiently smaU, we have that (||y||, Z) < g+ 1/2 for each Z G spt \\V\\r\B'1^j[^{{))\{r{X) < r/2}, 
and hence by Remark (2) following Hypotheses 16.2, we may apply Theorem 3.4 to conclude that 

mo 'ij 

V L {b-I^\Q) \ {r{X) < r/2}) = ^ ^ IgraphS,, ,|, 



j=i e=i 



where for each j G {1, 2, . . . , mo} and ^ G {1, 2, . . . , qj^^}, 

uj,e G ((i?773^(0) n Hf \ {r{X) < r/2}) ; «^)^) 

and Uj,i are solutions to the minimal surface equation over n ^-B^/^^(0) \ {r{X) < r/2}) with 
small norm. Here wc have also used Hypotheses 16.2(5). So if C G /C(mo), then the desired 
conclusions in part (a) readily follow because then C = Yl^i distinct half-hyperplanes 

H'j meeting along {0} x R"-\ which, by Hypotheses 16.2(3), satisfy dist>^ {H'j n B"+^(0), n 

5"+^(0)) < eo for each j G {1, 2, . . . , mo}. Else we must have that 2G(||Co||,0) > mo + 1 and 
that C G JC{p) for some p G {mo + 1, mo + 2, . . . , 26 (||Co||,0)}. For each j G {1,2, .. . ,mo}, let 
q'j G {1, 2, ... , qj^^} be the number of distinct elements in the set {Hj^i, Hj^2-i ■ ■ ■ ,H . (o)} and label 

them Hj = 1, 2, . . . , q'j. Let w^. ^, G be the unit vector such that Hj ^, = {{tw'j y) : t > 
0, y G R"^^}. Provided that (3q = /9o(«,7, Cq) G (0, 1/2) is sufficiently small, it follows from the 
definition of /C, Hypotheses 16.2(3) and Hypothesis (★) (ii) that for each j G {1,2,..., mo} and 
i[,i'2G{l,2,...,q'}, 



V 
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for some constant c = c{a, 7, Co) G (0, 00), where 

QV = mfc6u-^ m i [ dist^X,spt\\C\\)d\\V\\{X) 

+ / dist2(X,spt||y||)d||C||(X) I . 

7B»+i(0)\{r-(X)<l/16} ) 

By exactly the same inductive argument of Theorem 10.1(a), the conclusions in (a) now follows 
from this provided eg = eo(n, a, 7, r, Cq), /So = /?o("'i 7) Co) € (0, 1/2) are sufficiently small. 

The rest of the theorem is proved by arguing as in [Sim93], Theorem 3.1. □ 

Corollary 16.3. Let q be an integer > 2, a G (0,1), 7 G (0,1/2), /i G (0,1) and r G (0,1/8). 
Suppose that the induction hypotheses {HI), {H2) hold and let Co he a stationary cone as above. For 
each p G (0,1/4], There exist numbers e = e(n, a, 7, r, p, Co) G (0,1/2), /? = /3(n, a, 7, r, p, Co) G 
(0,1/2) sttc/i that if V £ Sa, C G /C satisfy Hypotheses 16.2 and Hypothesis {]), then for each 
Z = (C^C^??) e spt n (^^^+^(0)) withQ{\\V\\,Z) > e(||Co||,0), we have the following. ■ 

(a) |C'|' + IC'|'<^^ / dist'(X,spt\\C\\)d\\V\\{X). 

(b) / dist^(X,spt||C||)d||y||(X) 
where Tz : R"+^ ^ R'^^^ is i/ie translation X^X-Z. 

(0) 



1/4 



< Ci / dist^(X,spt||C||)(i||y||(X). 
./bI'+1(o) 



i/ere C = C(n, a,7,Co) G (0, oo) and Ci = Ci(n, a, 7, Co) G (0, 00). (In particular, C, Ci do 
not depend on t, p.) 



Proof. The proof requires application of Theorem 16.2 with r]z,p#V in place of V, where Z G 

'3/8 



spt n B^t^{0) is any point such that 9 (||y||, Z) > 6 (||Co||, 0). It is straightforward to verify, 



using Remark (1) following the statement of Hypotheses 16.2 and the fact that ||y||(i?"^^(0)n{X : 
r{X) < 5}) < CVS, C = C{n,q) G (0, 00), that whenever Hypotheses 16.2 are satisfied with 
e = e(n, q, a, r, p, Co) sufficiently small, they are are also satisfied with r]z,p# V in place of V and 
eo (as in Theorem 16.2) in place of e; to verify that Hypothesis (f) is satisfied with r]z,p#V in 
place of V and (3q (as in Theorem 16.2) in place of /?, we may follow the inductive argument of the 
corresponding part of Theorem 10.2. 

The proof is then completed by the corresponding argument of [Sim93], with modifications as in 
[Wic04]. □ 

Case e(||Co||,0) =g+ 1/2: 

From now on until we state otherwise, we shall assume that G (||Co||,0) = q + 1/2. 

Lemma 16.4. Let q be an integer > 2, a G (0, 1), 6 G (0, 1/8), 7 G (0, 1/2) and Cq be as above. 
Suppose that the induction hypotheses {HI), {H2) hold and that O (||Co||,0) = q + 1/2. There exist 
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numbers ei = ei(n, a, 7, 5, Co) € (0,1/2) and (3i = /3i(n, a, 7, Co) G (0,1/2) such that if V & Sa, 
C € /C satisfy Hypotheses 16.2 with ei in place of e then 

(a) 5^+\0,y)n{Z : 6 (||y||, Z) > g + 1/2} / /or eac/i poini (0, y) G {0} x R"-i n S;'+^(0), 

(b) if additionally Hypothesis (f) /lo/ds with Pi in place of P and ji G (0, 1), then 

dist^ {X, spt||C||)d||y||(X) 



B-l^\0)n{r(X)<a} 

<Cia^-^' [ dist^{X,spt\\C\\)d\\V\\{X) 

for each a G [(5,1/4), where Ci = Ci(n, g, a, /n, Co) £ (0,oo). (In particular Ci is indepen- 
dent of 5 and a.) 

Proof. Suppose for some number 6 G (0,1/8) and some point (0,y) G {0} x R"-i n 5"/^Ho)> 
5^+^(0, y) n {Z : G(||F||,Z) > g + 1/2} = 0. Then by Remark (2) fohowing Hypotheses 16.2, it 
follows that 

(16.7) H"~'^+'^(singFL(5^+H0,y))) =0 if n > 7 and singF L(S^+^(0, y)) = if 2 < n < 6. 
Note that by {S2), 

J rcg V J reg V 

for any C, G C^(regy), where A denotes the second fundamental form of regK In view of (16.7), 
this is readily seen to imply, by an elementary covering argument (for the case n > 7), that 

/ \A\^Cd'W< f IV^CP^^W" 

ispt \\V\\nB^+'^{0,y) Jspt ||y||nB^+i(0,2/) 

for any C G Cl{Bl'+\0,y)). Choosing C G C}{Bl'+\0,y)) such that C = 1 in B'^+\0,y) and 
\D(\ < 4:d~^, we deduce from the preceding inequality that 

(16.8) f \A\^drr <C6''-'^ 

7spt||\/||nB,"+/(o,j/) 

where C = C(n, g) G (0, 00). 

Now let r G (0,(5/4) be arbitrary for the moment and assume that e G (0, cq), where eo = 
eQ{a. P.t.Cq) is as in Theorem 16.2. Using Theorem 16.2 (a), (16.8) and the argument leading to 
the inequality (6.12) of [SS81] (with a = r), we deduce, provided e = e(a,/3,T, Co) is sufficiently 
small and positive, that 

where C = C(/3, Co) G (0, 00). This however is a contradiction if we choose e.g. r = We 
conclude that part (a) must hold provided e = e(a, /3, (5, Co) G (0, 1/2) is sufficiently small. 

To prove the estimate of part (b), first note that in view of Corollary 16.3 (a),(b) (with r = 1/16, 
say), it follows from the argument leading to the estimate (3) of [Sim93], p. 619 that for each 

in+l 
3/8 

2 



zg spt||y|| ns"+^(o) with e(||y||,z) > g. 



I ^A^^2^Mld\\V\\{X)<C I dist^(X,spt||C||)c/r||(X) 
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where C = C(/3, a,Co) G (0, oo). By the argument of [Sim93], CoroUary 3.2 (ii) (cf. proof of 
Lemma 10.3, (b)), the required estimate follows from this and part (a). □ 

Let 7 G (0, 1/2) and consider a sequence of varifolds {Vk} C Sa and a sequence of cones {Cfc} 
satisfying, for each k = 1,2, ... , Hypotheses 16.2 and Hypothesis (f) with Vk, in place of V, C 
and efc, in place of e, where e^, (3^ 0^. Thus, we suppose, for each k = 1,2,..., 



(Ifc) Vfc 0Gspt||T4.||, e(||Vfe||,0) >g + l/2, K2")-i||T4||(5^^+i(0)) < g + 1/2 + 7; 

(2fc) Cfc = Y,e=i l^jjl S K., where Hjj are half-hyperplanes of R"+^ meeting along {0} x 

R"-i with H'yj G iV(i7]°^) for each j G {1, 2, . . . , mo} and ^ G {1, 2, . . . , qf^}; 
(3fc) distw (spt llCfcil n 5^+1(0), spt IIColl n B'l+^O)) < €k; 
(4) 



/ dist2(X,spt||Cfe||)d||Ffc||(X) <efe; 



'Bj'+^(0) 

(5jt) For each j = 1,2,..., mo, 

\mm%\^) \ {r{X) < 1/8}) n N{H^')) > 7e{{Bl%\Q) \ {t{X) < 1/8}) n Hf )qf; 

{6k) Either (i) or (ii) below holds: 

(i) Cfc G /C(mo); 

(ii) 2q > mo + 1, G K,{pk) for some pk G {mo + 1, mo + 2, . . . , 2g} and 



/ d\st\X,svi\\Ck\\)d\\Vk\\{X)+ f dist2(X,spt||yfc||)d||Cfe||(X) 

JS5;'+1(0) JB^+i(0)\{r(X)<l/16} 

< /3feinfegu-i ^0-) ( / disl\X,svt\\C\\)d\\Vk\\{X) 

+ / dist2(x,spt||yfc||)d||c||(x) ) . 

^B;^+i(0)\{r(X)<l/16} y 

Note that it follows from (2^) and (3jk) that ^ — for each j G {l,...,mo} and £ G 
{l,...,.f}. 



Let £k = \J!b-+Ho) dist' (^,spt \\Ck\\) d\\Vk\\{X) . 

Let {(5fc},{Tfc} be sequences of decreasing positive numbers converging to 0. By passing to 
appropriate subsequences of {V^}, {Cfe} without changing notation, we have the following: 



(Afc) By Lemma 16.4, 

tn-1 n R"+lc 



(16.9) i?»+H0,y)n{Z : Q{\\Vk\\,Z)>q + l/2}^^ 



for each point (0,y) G {0} x R"-^ n -B]'+^(0) and 
(16.10) / dise {X,s^t\\Ck\\)d\\Vk\\{X) <Ca^'^£l 

J B^+\0)n{r[X)<a} 

for each a G 1/4), where C = C(n, q, a, 7, Co) G (0, 00). 
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(Bfc) By Theorem 16.2 (a), 



mo 'ij 



(16.11) 1-{B",%\^) \ {t{X) < T,}) = ^Y1 \s^^PH,e\ 

j=i i=\ 

where, for each = 1, 2, . . ., j € {1, 2, . . . , mo} and £ G {1, 2, . . . , qf^}, u)^^ £ (^7/8^(0) n 
Hje \ {^(^) < '^k}] {Hj f)-^), Uj ^ solves the minimal surface equation on i?"^+^(0) fl ^ \ 
{r{X) < Tfc} and satisfies dist {X + 'uJ^(X),spt ||C||) = |nj ^{X)\ for X e B':}+^{0) n Hf ^\ 
{riX)<Tk}. 

(Cfe) For each point Z = (C\ C', v) e spt \\Vk\\ n B^+\o) with 6 {\\VklZ) >q+ 1/2, by Theo- 
rem 16.2 (d), 

(16.12) ICT + IC'I' < Cffe 

where C = C{n, q, a, 7, Co) G (0, 00). 
(Dyfc) For each fixed fi G (0,1), p G (0,1/4), each sufficiently large k and each point Z = 
{C\e,v) e spt\\Vk\\nB^+\0) with 6(11 Vfc II, Z) > 9 + 1/2, by Theorem 16.3 (c), 

(0) _|_ 

f \ui,{x)-{c\e,o) " p ^^^ 

h JB-l,\Z)^Hl,\{r(X)<r,} \X + U^^iX) - Z\n+^-^ 

(16.13) <Ci/9-"-2+^/ dist2(X,Spt||Cfe||)d||yfc||(X), 

where C\ = Ci(a, 7, /i, Co) G (0, 00). 
Extend v/^^^^ to all of 5^^+^ (0) n iJj; ^ by defining values to be zero in (0) n iJj; ^ n {r (X) < rfe}. 
For each j G {1, 2, . . . , mo} and £ G {1, 2, ... , qf^}^ let /i^ £ : (ijj^^)-*- be the linear functions 

such that {X + hjj{X) : X G f]°^} = F,-,^ and let u'^j{X) = u'^^^{X + hj^i{X)). 

By (16.11) and elliptic estimates, there exist, for each j = 1, 2, . . . , mo and 1= 1,2,..., q^^ (for 
any manner in which the labeling is chosen for the elements of the sets 

{^^j,i>4,2'---'^^„(o)}> A; = 1,2,3, ...) 

harmonic functions Vj^e, : -63/4!^ Hj^^ (ifj°^)^ such that, after passing to a subsequence, 

(16.14) s-^u'.^^^y.^^ 

where the convergence is in C^{K) for each compact subset K of B3/4 n H^°\ From (16.10), it 
follows that for each a G (0, 1/4), 

mo yj „ 

EE / (0) K.P<CaV2, c7 = C(a,7,Co) 

and hence that the convergence in (16.14) is also in (-B3/4 n H^p)- 
Lemma 16.5. For each j G {1, 2, . . . , mo} a.7}d i E {1.2,..., q^^^}, we have that 

.„,GC70- ^5^^+1(0) nilf;(i7f)- 
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with the estimate 



sup \vj,e\'^ + sup 



mo Ij 



(0) 



where = fi{n, q, a, 7, Cq) G (0, 1) and C = C{n, q, a, 7, Co) G (0, 00). 

Proof. Note first that for cacli given Y € i?g^^g(0) Pi {0} x R"~^, there exists, by (16.9), a sequence 

of points Zk = (Cf , Cl, %) G spt llVfcll n ^3/^(0) with (H^fcH, Zfc) > g such that Zk ^ Passing 

to a subsequence without changing notation, the hmits hm/j^oo ^k^Ci ^^'^ liiufc^oo ^fe^^Cl exist by 
(16.12). Write 

(16.15) «:(y) = f hm ffe^Cf, lim ^.-'Cl.o) • 

It follows from (16.13) that 

q'"^ -L (0) 



(16.16) SC"'-"-^"''EEX„«_. 

1 = 1 ^=1 ■^^P 



\V-i 

(y)nff(°' 



for each G (0,1), where Ci = Ci{a,^, fi,Co) G (0, 00). This in particular implies that for 

each j = 1,2,..., mo, k{Y) i is uniquely defined (depending only on Y and independent of the 
sequence {Z^} tending to Y), and hence, since the set of normal directions to ifj'^'' , j = 1, 2, . . . , mo, 
spans x {0}, the vector k{Y) is also uniquely defined. 

For Y G B'lfliQ) n {0} x R"-\ j G {1,2, . . . ,mo} and £ G {1,2, . . . define Vj^i{Y) = 

^^(0) 

k{Y) j . The proof of the lemma can now be completed by modifying the proof of Lemma 12.1 

in an obvious way. □ 

Theorem 16.6. For each j G {1, 2, . . . , mo}, ^ G {1, 2, . . . , qf'^}, we have that 
with the estimate 

\DvjjiX^) - DvjjiX2)\^ 



sup \Dvj,e\ + sup \X -X 

Bl+^{o)nHf Xi,X2eB^+^(o)nHf\x^^X2 ' ^ ^ 

mo 'i] 



12 



/on + l/ 



where C = C{n, q, a, 7, Co) G (0, 00). 
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Proof. For Y G B'^+^iO) n {0} x R"-\ let 

-L (01 

where k is the function defined by (16.15). By modifying the argument leading to the estimate 
(12.31) in obvious ways, it can be seen that k G (-B;'+^(0) n {0} x R'^-^;R"+^) with 



'1/2 



mo 'Jj » 

sup \k\'^ + \DYKf + \d'^k\'^ <cy2y2 I^J^I^ 

(0)n({0}xR"-i) j=i£=i-^S3/V(0)n<^ 

r(0) 
j ' 

R2 X {0}, it follows that for each j = 1,2, . . . ,mo, k T e (B'^/^^iO) n {0} x R"-i; R"+i) with 

mo if 

(16.17) sup \K^''f\^ + \Dy \^ + \Dl \^ Kcf^Y" [ \vj 

i?r/+^(0)n({0}xR"-i) ^^-^sj/YWn^f 

where C = C(a, 7, Co) G (0, 00). Since by Lemma 16.5, for each j = 1,2, ...,mo and i = 
1,2, . . . ,q^^\ Vjj is continuous in B^^^^ (0) n Hj^^ with boundary values ^^j,^lB"+i(o)n{o}xR"-i = 

K and ^ is harmonic in -63^7^''^ (0) PI Hj^^ , the desired conclusions of the lemma follow, in 

view of the estimate (16.17), from the standard C"*^'" boundary regularity theory for harmonic 
functions. □ 

Lemma 16.7. Let q be an integer > 2, a G (0,1), 7 G (0,1/2) and 9 G (0,1/4). Let Cq be the 
stationary cone as in (16.2), mt/i (||Co||, 0) = g + l/2. There exist numbers e = e{a,j, 9, Cq) G 
(0, 1/2) and (3 = /9(a,7,^,Co) G (0, 1/2) such that if V e Sa, C G /C satisfy Hypotheses 16.2 and 
Hypothesis (f) with e = e and (3 = (3 and if the induction hypotheses (HI), {H2) hold, then there 
exist an orthogonal rotation T of R**"*"^ and a cone C G /C such that, with 

4= / dist2(X,spt||C)||)d||F||(X), 

the following hold: 

(a) \ej — r(ej)| < 'KSy, for j = 1, 2, 3, . . . , n + 1; 

(b) dist^(spt||r#C'|| n5i'+i(0),spt||C|| n5i"+^(0)) <Co£^; 

(c) 9—'[ dist'{X,spt\\V\\)d\\r#C'\\{X) 



where C = C{a, 7, Cq) G (0, 00). Since the set of normal directions to iJj , j = 1, 2, . . . , mo, span 

' .(0) 



+ 9-""-^ [ dist^ iX,spt\\T#C'\\)d\\V\\{X) <-i79^£^. 



(0) 

Here the constants k, Cq,V G (0, 00) each depends only on a, 7 and Cq. 

Proof. If the lemma is false, there exist a sequence of varifolds {V^} d Sa and a sequence of cones 
{Cfc} C K, satisfying, for each k = 1,2, 3,... , the conditions (lfe)-(6fe) above, listed immediately 
following the proof of Lemma 16.4. 

Choose any two sequences of decreasing positive numbers {5k} and {r^} with 5^ ^ ^ and 
Tfc — > and corresponding subsequences of {V^}, {C^} for which the assertions (16.9)-(16.13) are 
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valid, and let {vj^(}._^^ ^ £-12 blow-up of {V^} relative to {C^}. Thus, for each 

j = 1, 2, . . . , mo and ^ = 1, 2, . . . , qf\ 

are the functions produced as in (16.14). 

Note then that Theorem 16.6 is applicable to the functions Vj^^. By following exactly the corre- 
sponding steps in the proof of Lemma 13.1, and using Theorem 16.6 where the proof of Lemma 13.1 
depended on Theorem 12.2, we see that corresponding to infinitely many A;, there are orthogonal 
rotations F^, cones G fC such that the conclusions of the present lemma hold with Vj^, Cj^, 
and Ffc in place of V , C, C and F, and with constants k, Cq, y depending only on a, 7 and Cq. 
This contradicts our assumption, establishing the lemma. □ 

Lemma 16.8. Let a G (0,1), q an integer > 2 and j e (0,1/2). Let Cq = J2f=iJ2eLi\Hj,e\ 
be the stationary cone as in (16.2) with (||Co||,0) = q + 1/2. For j = 1,2, . . . ,2g — tuq + 1, 
let Oj G (0,1/4) he such that Oi > 862 > 646*3 > ... > S^"-'"" 

^2(j-mo+i • There exists a number 
€ = e{a, j,9i,92, ■ ■ ■ , 92q-mo+ij Co) G (0, 1/2) such that the following is true: Let V G Sa, C G /C 
satisfy Hypotheses 16.2 and suppose that the induction hypotheses [HI), {H2) hold. Then there 
exists an orthogonal rotation F of 'RT'^^ and a cone C G /C such that, with 

[ dist^{X,spt\\V\\)d\\C\\iX)+ [ dist2(X,spt||C)||)d||F||(X), 

/B^+^(0)\{r(X)<l/16} Jb^+1(0) 

we have the following: 

(a) \ej — r{ej)\ < kQv, for j = 1, 2, 3, . . . , n + 1; 

(b) dist^(spt||F#C'||n5^'+^(0),spt||C||nBi^+^(0)) <CoQ^, and 

(c) /or some j G {1,2,. .. ,2g - mo + 1}, 

0-"-^/ dist2(X,spt||y||)d||F#C'||(X) 

+ ^7«-2 f dist2(X,spt||F#C'||)d||y||(X) < i^j9]Ql. 

Here k, Cq depend only on a, 7, Co in case 2q = mo and only on 0,7,^1,... ,^2q-mo Co in 
case 2q > tuq -|- 1; 1^1 = i^i(a, 7, Co) and, in case 2q > mo + 1, for each j = 2,3, . . . ,p — mo + 1, 
Uj = i>j{a, 7, 01, ... , 9j-\, Co). In particular, v^^^ is independent of 9j,9j+i, . . . , 02g-mo+i for j = 
l,2,...,2g-mo + l. 

Proof. Use the argument of Lemma 13.2 and Lemma 13.3. □ 

Proof of Theorem 16.1. Case 1: 6 (||Co||, 0) = g + 1/2, g > 2. 

If the theorem is false in this case, then there exist a number 7 G (0,1/2) and, for each 
^ = 1,2,3, ... , varifolds G with 6 (||Vf||,0) > 9+ 1/2 and (a;„2")-i||V^|| (5^+^(0)) < g+l/2+7 
such that dist^T^ (spt HF^H nB"+^(0), spt ||Co||n5"+^(0)) 0. By Allard's integral varifold compact- 
ness theorem ([A1172]; see also [Sim93], Section 42.8) and the constancy theorem ([Sim93], Section 
41), it follows, after passing to a subsequence without changing notation, that \—B'^^^{Qi) 

(^Y=ilf^\^-f^\) I— i?"'''^(0) as varifolds, where qj^\ j = 1,2, ...,mo, are positive integers with 
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Xlj^i = 2q + 1. We may assume, by redefining the multiphcities of the original cone Co if 
necessary, that Cq = E^°i «f ^ I- Thus 

(16.18) LS^+^(0) ^ Co LB^+^(0) asvarifolds. 

For j = 1,2, ...,2g — mo + 2, choose numbers 9j = ^j(a,7, Co) G (0,1/2) as follows: First 
choose 9i such that i'i0^^^~°'^ < 1/4, where ui = i/i(a;,7, Co) is as in Lemma 16.8. Having chosen 

9i, 02, ■ ■ ■ , 9j, i < j < 2q — mo, choose 9j+i such that 9j+i < 8~^9j and j^j_|_i6'^^\ < 4^^, where 
i^j+i = i'j-\-i{a,'j,9i, . . . ,9j, Co) is as in Lemma 16.8. Note that by (16.18), for all sufficiently large 
£, the hypotheses of Lemma 16.8 with 9i,92, ■ ■ ■ , ^2q-mo+i just chosen, and with Co in place of 
C and Vi in place of V, are satisfied. 

By arguing as in the proof of Lemma 14.1 (using Lemma 16.8 iteratively in the manner in 
which Lemma 13.3 was used in the proof of Lemma 14.1, and utilizing Theorem 16.2 in place of 
Theorem 10.1 and Corollary 10.2, and Lemmal6.4 in place of LemmalO.3), we reach the conclusion 
that for any fixed sufficiently large I and V = Ve, there exist a cone C'^ G /C with 

(16.19) distH(spt||C°|| nBi"+\0),spt||Co|| n5j'+i(0)) < CQv; 

orthogonal rotations F'^, Fq, FJ, F2, ... of R"'^^ with Fg = Identity and, for each fc = 0, 1, 2, . . . , 

(16.20) \r\ej)-rl{ej)\<C5kQv, j = 1, 2, . . . , n + 1; 
such that, for A; = 1, 2, 3, ... , 

(16.21) f^r"^ / dist2(X,spt||F?C°||)d||F||(X) <Caf Q^, and 

(16.22) [ dist^ (X,spt ||y||)d||F?CO||(X) < Caf Q^^ 

where C = C(a, 7, Cq) G (0, 00) and {ak}, {Sk} axe sequences of positive numbers such that ao = 
So = l and for each k = 1,2, ak = 9kjCrk-i, Sk = iyji^9j^5k-i for some jk G {1, 2, . . . , 2g-mo + l}. 

By using the inequality (16.21) with k such that ak+i/2 < p < o-k/2, we deduce that 

(16.23) P'"'^ f dist2(X,spt||F?C°||)d||y||(X) <Cp2"Q^, 

for all p e (0,1/2], where C = C(q;,7,Co) G (0,oo). 

Now note that since 7 < 1/2, we may use (16.18) and the induction hypothesis {HI) to conclude 
that for any given r G (0,1/16), if the conclusion of the theorem fails with e = e' where e' = 
e'{a,j,T, Cq) G (0, 1/2) is sufficiently small, then 

{Z G spt ||y|| : G (11^11, ^) >q}n ^"/^(O) ^ {X G R"+^ : r{X) < r} and 

mo yj 

V L [B-ffiO) \ {r{X) < r/2}) =^.11 Ig^^phS,, ,|, 

j=i i=i 

where for each j G {1, 2, . . . , mo} and i G {1, 2, . . . , qf'^}, 

uj,, G C (Hf n (5,731(0) \ {r{X) < r/2}) ; (i^f )^) 
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and Uj^i are solutions to the minimal surface equation over h'^P n (^l^J'^{Q) \ {r{X) < with 

small norm. Using this with sufficiently small r = r(Q;,7, Cq) G (0,1/16), it is standard to 
verify that if the conclusion of the theorem fails with e = e', where e' = €'(a,7, Co) G (0, 1/4) is 
sufficiently small, and ii Z e spt n B^+HO); ® {Wh Z) > q + 1/2, where a = a{a,-f, Co) G 
(0, 1/16) are sufficiently small, then the hypotheses of Lemma 16.8 will be satisfied with ??z,i/2# ^ 
in place of V and Cq in place of C. Thus, repeating the argument leading to (16.19), (16.20) and 

(16.23) , we see that if the conclusion of the theorem fails with e = e', then corresponding to each 
Z G spt ||y|| n 5^+^(0) with e (||F||, ^) >q + l/2, there exist a cone C^ G /C with 

(16.24) dist7i(spt||C^|| nB^+\0),spt||Co|| n5j*+^(0)) < CQv; 

orthogonal rotations T^, rf , rf , rf , . . . of R"+^ with Tf = Identity and, for each A; = 0, 1, 2, . . ., 

(16.25) |r^(e,)-rf(e,)|<C,5fQv, j = 1, 2, . . . , n + 1; 

such that 
(16.26) 

K)"""'/ d\st'{X,spt\\V\\)d\\rfC^\\{X)<C{ai)'''Ql and 

•^rf JO)\{|r(X)|<<rf /16}) 

(16.27) / dist2(X,Z + spt||rf C^||)(i||F||(X) <Cp2"Q2^, 

for all p G (0,1/4], where C = C(a,7, Cq) G (0, do) and {c^}, {<5^} are sequences of positive 
numbers such that = Sq = I and for each = 1, 2, . . . , cr-^ = 9-za^_^, 5^ = Vjz9'^.z5^_x for 

some jf e {1, 2, . . . , 2g - mo + 2}. 

Standard arguments then show that T = {Z : Q (\\V\\,Z) >q + 1/2} n B^J^^i^) is an (n - 1)- 
dimensional, embedded C^-" submanifold of B^+^^{0) and that F L5;'/+/(0) = ^^^l"^^ |Mj| where, 
for each j G {1,2, ...,2g + 1}, Mj is a C^'°' embedded hypcrsurfacc-with-boundary such that 
dMj n ^^2^(0) = T and Mj n = T or = Mfc for each j. A; G {1, 2, 3, . . . , 2g + 1}. (Thus in 

particular, T = {Z : Q {\\V\\,Z) = g + 1/2} n ^^'^2^0).) This contradicts the structural property 
{S3) that V is assumed to satisfy, completing the proof of the theorem. 
Case 2: 6 (||Co||, 0) = g + 1, g > 2. 

Note that by the validity of Theorem 16.1 in case 9(||Co||,0) = q + 1/2, it follows that the 
assertion of Remark (2) following Hypotheses 16.2 holds with g + 1 in place of q + 1/2. Thus we 
may simply repeat all of the steps of the above argument taking g + 1 in place of g + 1/2 to establish 
Theorem 16.1 in case 9 (||Co||, 0) = q + l. 

This completes the proof of Theorem 16.1. □ 

Remark: Theorem 3.2' in case q = 1 follows from Allard's regularity theorem. The validity of 
Theorem 3.3 in case 0(||Co||,O) = 3/2 follows from the validity of Theorem 3.2' in case q = 1; 
indeed, in this case, the same argument as for Theorem 16.1 carries over (with obvious simplifi- 
cations) provided the induction hypothesis {HI) is replaced by Theorem 3.2', case g = 1. In fact, 
when 6(||Co||,0) = 3/2, Theorem 3.3 is true without either of the hypotheses {S2) or (55) on 
V (so V only needs to be stationary); see [[Sim93], Corollaries 2 and 3]. This in turn enables 
us to prove Theorem 3.3 in case 0(||Co||,O) = 2, by repeating the above proof of Theorem 16.1 
(case 0(||Co||,O) = g + 1), taking g = 1 and, in place of induction hypotheses {HI) and {H2), 
Theorem 3.2' (case g = 1) and Theorem 3.3 (case Q (||Co||,0) = 3/2) respectively. 
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Theorems 15.2, 16.1 together with the preceding Remark complete the inductive proof of both 
Theorem 3.2' and Theorem 3.3. 

17. The Regularity and Compactness Theorem 

Proof of Theorem 3.1. Note first that if y G Sa, then it follows from Theorem 3.2, Theorem 3.3 
and Remark 3 of Section 7 that 7^"-7+7 (singF n (5^+^(0)) = for each 7 > if n > 7 and 
singy n SJ+HO) = if 2 < n < 6. 

Suppose, for each fc = 1, 2, 3, . . . , € 5q, and that 

A = limsup II Ffc 11(5^+^0)) < 00. 

By Allard's integer varifold compactness theorem, there exists a stationary integral varifold V of 
i?2^^(0), with ||y||(i32'''^(0)) < A+1, such that, after passing to a subsequence, Vjt — F as varifolds 
in (0) . Set = sing F n ^^+^0) • 

We argue that F G 5q as follows. By Theorem 3.2 and unique continuation of solutions to 
the minimal surface equation, if M is a connected component of regF and < p' < p < 2, 

there exists a number e = e{M,p,p') G (0,1/2) such that for all sufficiently large k, spt||T4|| H 
{X G B';+\0) : dist(X,M n 5^+1(0)) < e} D U^^^^graphu^^ D spt||Ffe||n{X G B'^+\0) : 

dist(X,M n S^+^(0)) < e} for some integer g > 1 and functions tt^ G C^-" (M n B'^+^{0); M^) 
solving the minimal surface equation on M n 5^+^(0). It follows that j].^gy |^PC^ ^ LegV I^CP 
for each ( G C^{TegV), where A denotes the second fundamental form of regF. It is also clear, 
from Theorem 3.3, that V satisfies the structural property {S3); for if not, there exists a point 
Z G spt II y II 0-62^^(0) such that the (unique) tangent cone Cz toVatZ is supported by the union 
of a finite number (> 3) of half-hyperplanes meeting along an (n — l)-dimensional subspace. By 
the definition of tangent cone and the fact that varifold convergence of stationary integral varifolds 
implies convergence in Hausdorff distance of the supports of the associated weight measures, for any 
given ei > 0, there exists a number a G (0, dist {Z, d Bl^^^iO))) such that for all sufficiently large k, 
dist (spt \\r]z,a#Vk\\ n S"+^(0), spt HC^H n S"+^(0)) < ei. This however contradicts Theorem 3.3 if 
we take ei = €(1/2,0^), where e is as in Theorem 3.3. Thus V e Sa, and hence n"-'^+'^{K) = 
for each 7 > if n > 7 and K = 0if2<n<6. 

Finally, suppose n = 7 and consider any V £ S^. To complete the proof of the theorem, it only 
remains to show that K is discrete. If this were false, there would exist points Z, Zj G K, j = 
1,2,3..., such that Zj ^ Z for each j = 1, 2, 3, . . . and Zj — ^ Z as j — ^ 00. Letting aj = \Z — Zj\, we 
obtain, passing to a subsequence without changing notation, a tangent cone C = limj^oo 
By the discussion above, C G 5q. Since aJ^{Zj — Z) G S"^-*^ H smgrjz^crj #V, it follows, passing 
to a further subsequence, that aJ^{Zj — Z) ^ Z* E S"^^ and by Hausdorff convergence and 
Theorem 3.2, Z* G singC. Since C is a cone, it follows that {tZ* : t > 0} C singC, which is 
impossible since C e Sa and we have established that for n = 7, H'' {K) = for each 7 > and 
any V G □ 

18. Generalization to Riemannian manifolds 

Let A'^ be a smooth (n+l)-dimensional Riemannian manifold (without boundary) and for X E N, 
let ex.px denote the exponential map at X. For each X e N, let Rx G (0, 00] be the injectivity 
radius at X. 
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Let y be a stationary integral n-varifold of A^. Let Xq £ spt , Mp„ (Xq) be a normal coordinate 
ball of radius po £ (0, i?Xo) around Xq. Then V = exp^J^ V LjVpq(Xo) is an integral n-varifold of 
Sp+^(0) C N R"''"-'^ which is stationary with respect to the functional 

(18.1) J^x,{V)= f \KnDF{X)oS\dV{X,S) 

where F = exp^^^. Let ip £ {B^i^^^^{0); R"+^) and let (ft, t G (— e, e) be the flow generated by 'ip. 
By computing directly the first variation 6jr^ V{tlj) = ^|^_q ^Xo{ft#y) of V with respect to J-Xq 
and setting Sjr^^ Vitp) = 0, we see that the following bound holds (cf. [SS81] (1.7), (1.9) and (1.11)) 
for some constant /j, depending only on the metric on N. (Such fi G (0, oo) exists by replacing N 
with a suitable open subset of N if necessary): 



(5*i) 



div5 ^(X) dV{X, S) 



<M / mx)\ + \X\\D^{X)\)d\\V\\{X) 



for all V e Ci(5^+H0);R''+^). 
Furthermore, for ^ G (B"+^(0) \ singy;R"+^), the second variation 



t=0 



of V with respect to J^Xq is given by (cf. [SS81] (1.8), (1.10), (1.12)) 

= / E V')^!' + (div,egv i^f - E • V') • {rj ■ ^P) dir + Ri^P) 

where {ti,T2, . . . , t„} is an orthonormal basis for the tangent space Tx (reg V) of reg V at X, tp 
denotes the directional derivative of V' in the direction r and 

m)\ <cix I {Zix\^\^ + IV-IIVVI + l^llV^n dTT 

J res; V 



with c, c absolute constants. If regF is orientable and is a continuous choice of unit normal to 
regF, we may, for any ( G (regF), extend C,u to a vector field in C} (-Bpg^^(O) \ singy;R"+^) 
and take in the above '4> = C,^ lo deduce that (cf. [SS81] (1.14), (1.15)) 

J reg 

where A denotes the second fundamental form of regF, l^l the length of A, H the mean curvature 
of reg V and 

\Rm < CM / {Mc,? + ICIIVCI + cVll^llvci' + \x\e\Af) dn\ 

JregV 

If (iP) > for all ^ = Ciy,(e C^{regV), then we have (cf. [SS81] (1.17)) 
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/ \A\'^C^dH''< [ iVCpciH" 

JvegVnB^+^O) JregVnB^+'{0) 

+C1/X / {c2fie + C\VC\ + e\A\ + \X\\VC\^ + \X\e\A\^ + C2fi\X\^CM\^) dir 

for all ( € C^{vcgV) where ci, C2 are constants depending only on n. 

For the rest of this discussion, wc take ci, C2 to be chosen as above and fixed. 
Definitions: Let /i, ci, C2 be the positive numbers as above. 

(1) By a stable integral n-varifold V on N we mean a stationary integral n-varifold F on iV such 
that for each Xq G spt \\V\\ and each normal ball A/'pq(Xo) C N around Xq, the integral n-varifold 
V = (exp-J)# V UVpo(Xo) on 5^+^(0) C R"+^ satisfies {S*2). 

(2) For a G (0,1), let 5^ denote the collection of stable integral n-varifolds on A^" satisfying the 
structural condition {S3) of Section 3 taken with normal ball Mp{Z) C N in place of 5"+^(Z). 

(3) For a G (0, 1), let S* denote the collection of integral n-varifolds V on 5"+^(0) C R"+^ such 
that 

(18.2) V = r/o,p# exp-i^ V lMp{X) 

for some V G Sa, X G spt ||y|| and p G (0, Rx)- 

(4) For p G (0, oo) and a G (0,1), let S*{p) be the set of integral n-varifolds V e S* such that 

(18.2) holds for some V e Sa and X G spt ||F|| with Rx > p. 

Remark: Let p G (0, oo) and suppose that V G S*{p). Then for each y G spt ||F|| n Bj*+\0), 

(18.3) Vo,p/2#ry#VeS*{p/2) 
where ry = exp^^^^^^^ o exp^ o ??o,p-i. Note that ry(F) = 0. 

We assert that the following direct analog of Theorem 3.1 holds: 

Theorem 18.1 (Regularity and Compactness Theorem — Manifold version). Let N be 
a smooth (n + 1)- dimensional Riemannian manifold, Xq G N and a G (0, 1/2). Let {V^} C Sa be 
a sequence with Xq G spt ||Vfc|| for each k = 1,2, . . . , and with 

limsup 11^4 II (iV) < oo. 

fe^oo 

Then there exist a subsequence {k'} of {k} and a varifold V E Sa with Xq G spt||l/|| and with 
-j^n-r+j (gij^g vnN) =0 for each 7 > ^/ n > 7, sing VnN discrete ifn = 7 and sing y n iV = 
z/2 < n < 6 such that V^' V as varifolds of N and smoothly (i.e. in the C"^ topology for every 
m) locally in N \ s'mgV. 

Ln particular, ifW^Sa, then 7^"- ^+7 (^gjj^g 1^ n A'") = for each 7 > i/ n > 7, sing W Ci N is 
discrete if n = 7 and sing VKniV = if 2 < n < 6. 

By the preceding discussion, this theorem is equivalent to the assertion obtained from it by 
replacing N with i?"^^(0) C R"'^-'^, Xq with and Sq with S*; the proof of the latter amounts to 
making minor modifications, as described below, to the proof of Theorem 3.1. 
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Step 1: Let V be an integral n-varifold of i?"^^(0) such that (18.2) holds for some stationary 
integral n-varifold V of A'', Xq G spt ||y|| in place of X and po G {0,Rxq) in place of p. By the 
discussion involving (5.3)-(5.9) of [SS81], we have, for each < a < 6, where S = S{n, upo) G (0, 1), 
the following facts: 

(18.4) T-^\\V\\{BJ^+\0)) < (1 + 12nfipoa)a-^V\\{B^+\0)) 

for all T with < r < a; the density (||y||,0) = lim-r^o — exists ( and is finite); the 
function 9 (|| • ||,0) is upper semi-continuous; 

(18.5) / ifr^d\\V\\{X) < II ^ II ^"^^ - 9 (||y II, 0) + Ca ^ "y"- ^'^^ 

where C = C{n,npo) G (0, oo); tangent cones to F at G spt ||y|| exist and are stationary integral 
hypercones of R"+^ . 

Let VarTan(V,0) denote the set of tangent cones to V at 0. For Y G spt||y|| fl ^1/2(0)) let 
9(||y||,y) = e(||r?o,po/2#Ty#y||,0) (see 18.3) and VarTan(y,y) = VarTan (%,p„/2# 0). 
Recalling the well known fact that if C is a stationary cone in a Euclidean space R"^, then the set 
{Z G R"* : 9(||C||,Z) = 9 ( II C 11,0)} is a linear subspace of R"*, we deduce by the argument of 
Almgren's generalized stratification of stationary integral varifolds ([Alm83], Remark 2.28; see also 
[Sim96], Section 3.4) the following: 

Let V be an integral n-varifold of B^~^^{0) such that (18.2) holds for some stationary integral n- 
varifold V of N, X £ spt\\V\\ and p G {0,Rx)- For k = 0,1,2, ... ,n, let Sk = {Y £ spt\\V\\ n 
B'l+^O) : dim{Z G : 9(||C||,Z) = G(||C||,0)} < A: VC G VarTan (F, F)}. Then 

dimn {Sk) < k. 

Step 2: We claim that the following analogs of Theorems 3.2 and 3.3 hold. 

Theorem 18.2 (Sheeting Theorem — Manifold Version). Let a G (0,1/2), po G (0, oo) andq 
he any integer > 1. Let a' = (2a+l)/4. There exists a number eo = eo(n, q, a, /xpo) G (0, 1) such that 
ifVe SM, co-^V\\{B^+\0)) <q + l/2, a G (0,1/2), {q 1/2) < (a;^^-^ \\V\\{B^+\0)) < 
{q + 1/2) and cj-Mist^f^ (spt ||T^|| n (R x B^), {0} x B^) + cr^"' < eo then 



V L(R X 5^/2) = Igraph 



Uj\ 



where Uj G C^'^{B^/2) for each j = 1,2, ... ,q; ui < U2 <■..< Uq and 
-i.,.U,.,....,n..,^./3 \Du,iX,)-Du,iX2) 



a sup \uj\ + sup l-Dujj + a'^ sup 



1/2 



Sa/2 Xi.XaGS^/a, ^17^X2 |Ai - ^2!^^ 

< C f(T-"-2 I \x^\^ d\\V\\{X) + a'^'^' 
Here C = C{n,q,a, jipo) G (0, 00) and {3 = P{n, q, a, ppo) G (0, 1) . 

Remark: If the conclusions of Theorem 18.2 hold, and V corresponds, as in (18.2), to some V G Sa, 
X = Xq G N n spt ||V^|| and p = po E {0,Rxo), then it follows that for each j G {1,2, .. . ,q}, 

Vj = Igraph po%(Po^("))l stationary with respect to the functional J^{-) = Tx^ ((') I ^ ^(7/2) 

where J^Xq is as in (18.1); thus, by computing the associated Euler-Lagrange equation and applying 
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elliptic regularity theory, we see that uj G C'^{B^/2) satisfies an equation of the form 

n 

(18.6) Yl <PkDtUj = P 

k,e=i 

on with \P{x)\ < upo and ake{x) = Ski - ^"'^^^^'^['j^p^ + KA^)^ where \b{^{x)\ < upoa, for 

X G 

Theorem 18.3 (Minimum Distance Theorem — Manifold Version). Let a e (0,1/2), po e 

(0, oo) and 7 G (0,1/2). Let a' = (2a + l)/4. Suppose that Cq is an n- dimensional stationary 
cone in YiT"^^ such that spt ||Co|| is equal to a finite union of at least three distinct n-dimensional 
half-hyperplanes ofRT''^^ meeting along an (n — 1)- dimensional subspace. Then there exists e = 
e(a,7,//po,Co) G (0,1) such that if V e S*{po), a G (0,1/2), e(||y||,0) > e(||Co||,0) and 
iun)-^V\\{B^+\0)) < eco(O) +7 then 

cj"' + (j-Mist^f^ (spt ||F|| n 5^+^(0), spt llColl n B^+\0)) > e. 

The proof of Theorems 18.2 and 18.3 amounts to an easy modification of the induction argument 

given above for Theorems 3.2' and 3.3, which is the "Euclidean case," viz. the case when p = 
(which corresponds to the case when is an open subset of R"+^ in Theorem 18.1). We outline 
the proof as follows: 

(i) It follows from [SS81], Theorem 1, that Theorem 18.2 holds if V satisfies, in place of the 
structural condition {S3), that 

dim-^ (sing V) < n — 7 in case n > 7 and sing F = in case n < 6, 

together with all other hypotheses as in Theorem 18.2. 

(ii) Let po G (0, 00) and let V be an integral n-varifold on B^'^^{0) such that (18.2) holds with p = po 

for some stationary integral n-varifold V on N and X G spt \\V\\ with Rx > po- Let a G (0, 1), 
AG [1,00) and suppose that (cj„(j")-i ||y|| (5^+^(0)) < A and a-""-^ [^^^Jx^\^ d\\V\\{X)+a < 1. 

By taking ip{X) = xX^{X)e^ in {S*l), where Cg Ci(R- x -B3/4), we deduce that 

(18.7) / \Vx^fC^d\\r,o,,#V\\{X) <c( [ \x^\''\VCfd\\r,o,ai^V\\{X) + a] 

VRXB3/4 \JRxS3/4 J 

for each CgC^^Rx 53/4) where C = C(n, A, M,/i/>o) e (0, 00), and M = sup.pt y^^^^ V'||n{RxB3/4) ICI+ 
\D(^\. Choosing C such that ^{x^,x') = C{^') in ^ neighborhood of spt ||?]o,o-# ^11^ (R x ^3/4), where 
C G C^{B^/4) is such that C = 1 on B1/2, < C < 1 and \D(^\ < 8, we deduce from this that 

(18.8) / \Vx^\^d\\r]o,a#V\\{X)<cl [ \x^\^ d\\r]o,a#V\\{X) + a] 

JRxBi/2 \./RxB3/4 J 

where C = C{n, A, ppq). 

(iii) Let po, V be as in (ii) and let a G (0, 3/4). With ?7o,(t# V in place of V, 



J(7-"-2 [ \X^\ 

Y JnxBa 



^d\\V\\{X)+a 



in place of Ey and with the constants eo, C depending on n, q, ppQ, Theorem 5.1 holds; its proof 
amounts to modifying the argument of [Alm83], Theorem 3.8 in obvious ways, making use of (18.4), 
(18.5) and (18.8). 
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(iv) Consequently, the case q = 1 of Theorem 18.2 follows by the excess improvement argument as 
in [[A1172], Chapter 8]. 

(v) Prom (iii) and the inequalities (18.5), (18.7), we deduce that for po, V as in (ii) and a G (0, 3/4), 
Theorem 6.1 hold with ?7o,(t# ^ in place of V and 



(vi) For what follows, fix a G (0, 1/2), po G (0. oc), and let a' = {2a + l)/4. For V G S*{po) and 
(7G (0,3/4) let 



Let q be an integer > 2, and assume inductively the validity of Theorem 18.2 with 1, 2, . . . , g — 1 
in place of g and that of Theorem 18.3 if (||Co||, 0) G {3/2, 2, 5/2, . . . , g - 1/2, g}. 

(vii) For each k = 1,2,3,..., let G (0,3/4), Vk G S*{po) be such that u;-i||V"fc|| (5^+^(0)) < 
q + 1/2, ak ^ and {q - 1/2) < (u;„a^)-^ \\Vk\\{B^+\0)) < {q + 1/2). If ^^^(a^) ^ 0, then as 



in the discussion following Theorem 5.1, we may blow up the sequence {r/o,(Tfe# Vk \—B'^^ (0)} by 
Ey^{ak)- We shall continue to call a function v G W^^^ (i?i; R"?) n (Bi; R'^) produced this way a 
coarse blow-up. 

(viii) By the reasoning of Remarks 2, 3 of Section 7 and Step 1 above, we have the following: 

Let q be an integer > 2 and suppose that the induction hypotheses as in (vi) hold. If V G S*{po), 
n C S]"+i(0) is open and 9 (||T^||, Z) < q for each Z G spt nJ^, then 7^"-7+7 (singF \_n) = 
for each 7 > if n > 7 and sing V I ^7 = if 2 < n < 6. 

(ix) The collection B* of all coarse blow-ups v (as in (vii)) is a proper blow-up class, viz. satisfies 
properties {B1)-{B7) of Section 4. Verification of properties (B1)-{B3), {B5) and {B6) proceeds in 
the same way as for the Euclidean case described in Section 8 above. In view of (i), property {B4) 
follows from the corresponding argument for the Euclidean case, also described in Section 8, with 
the inequality (18.5) taking the place of the monotonicity identity (6.1). 

Property {BT) is verified by establishing separately the same two cases as in Case 1 and Case 
2 of Section 9. With regard to Case 1, note that by taking V'(^) = C(^)e^ i^i ('5*-/), where 
C G (R X S3/4), it follows that for each A; = 1, 2, ... , 



spt ||»7o,o-^, # V'fc||n(RxB3/4) 

where C = C{n,q, ppo)- Case 1 is established by taking this in place of (9.8) and and (18.7) in 
place of (5.1) in the argument of Lemma 9.1. 

With regard to Case 2, we note that the following analogue of Lemma 13.1 holds. Here Cq, 
Cq{p) are as defined in Section 10. 

Lemma 18.4. Let q be an integer > 2, a G (0,1/2), 6 G (0,1/4) and po G (0,oo). There exist 
numbers e = e{n, q, a, 9, ppo) G (0, 1/2), 7 = 7(n, q, a, 9, ppo) G (0, 1/2) and /? = /?(n, q, a, 9, ppo) G 




in place of Ey, again with the constants ei, C etc. depending also on ppQ. 
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(0, 1/2] such that the following is true: Let a G (0, 1) and suppose that the induction hypotheses as 
in (vi) and the following hold. 

{l)VeSl{po), e(||F||,0)>g, KO-iy||(i?ri(0))<g + l/2. 

(2) C = X^j=i \Hj\ + \Gj\ G Cg, where for each j G {1,2, .. . ,q}, Hj is the half-space defined 

by Hj = {{x^,x'^,y) G R"+^ : < and = Xjx"^}, Gj the half-space defined by Gj = 
{{x^,x'^,y) G R""*"^ : > and = fJ-jx^}, with Xj^Hj constants, Ai > A2 > . . . > Ag 
and m < fi2 < ■ ■ ■ < IJ'q- 

(3) = f^^^^ \x^\^d\\7]o,a#V\\{X)+a^''' < e, where a' = (2a + l)/4. 

(4) {Z : ei\\qo,a#V\\,Z)>q}n{Kx{By^n{\x^\ < 1/16})) =0. 
(5) 



/ dist\X,spt\\r]o,a#V\\)d\\C\\{X) 
7rx(Bi/2\{|x2|<1/16}) 



+ / dist^{X,spt\\C\\)d\\rjo,a#V\\{X)<j(El,{a)Y 



(6) (e-) < |Moinf{pgG„ :Pn({0}xR")={0}xR"-i} 

Mo = Mo(n, g) G (1,00) js i/ie constant defined in Section 10. 

(7) Either 

(i) C G Cg(4) or 

(ii) g > 3, C G Cq(p) for some p G {5, . . . , 2g} and 

/ disi\X,svi\\ilo,a#V\\)d\\C\\{X)+ [ dmt^{X,spt\\C\\)d\\rjo,„#V\\iX) 

JRx(Bi/2\{|x2|<l/16}) JRxBi 

inf (/ dist2(X,spt||?7o,a#V^||)d||C||(X) 

CeU^llC,(fc) \Jrx(Bi/2\{|x2|<1/16}) 

+ / dist2(X,spt||C||)d||ryo,.#F||(X)y 

JRxBi / 

Then there exists an orthogonal rotation T of R"^"*"^ and a cone C G Cq such that the conclusions 
of Lemma 13.1 hold with 770,0- #^ place ofV, Ey{a) in place of E, 



E^{C,a) = J [ dist''iX,spt\\C\\)d\\r]o,a#V\\iX)+a^-' 
in place of E and with the constants k, Cq, 70, V, Ci, C2 G (0, 00) depending only on n, q, a and 

IJ'PQ- 

In proving this, note first that if cr^"^' > /j^^Bi l^^l^ d\\r}Q^cF#V\\{X), then, provided 7 < ^"■+^/2, 
we trivially have that 

^-"-2 / dist^ (X,spt ||C||)d||r?o,.#y||(X) < ^-"-^7 (E*y{a)f 

< 20'"-%a2°' < eV^"' < 9^ {E\,{a)f 

and thus the conclusions (a)-(d) hold with C' = C and r= Identity, and the conclusions (e) and 
(f) can be checked as in the proof of Lemma 13.1. Hence we may assume without loss of generality 

that {^Ey{a)^ < J^xSi I^^P ^IK"'^)- With this additional assumption and with the help 
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of inequality (18.5), the obvious analogues of Theorem 10.1 and Corollary 10.2 can be established; 
consequently, Lemma 18.4 can be proved by making obvious modifications to the entire argument 
leading to Lemma 13.1, as described in Sections 10-13. 

The obvious analog of Lemma 13.3 then follows; note in particular that in the conclusions of this 
modified lemma we must take 

Q*v{C,a) = I I dist2(X,spt||r?o,a#r?o,a#F||)d||C||(X) 

V7rx(Si/2\{|cc2|<1/16}) 



+ / dist2(X,spt||C||)d||r?o,a#F||(X) + (72«'') 

JRxBi / 



1/2 



in place of Qv, and that the modified lemma yields that for some j G {1, 2, . . . , 2g — 3}, C G Cq 
and some orthogonal rotation V of R"+^, 

/ dist2(X,spt V^ll) d\\V^ C'II(X) 

./Rx(Bi/2\{|:r2|<l/16}) 

+ / dist\X,svi\\T#C'\\)d\\7^ofi,a#V\\{X)<u,e]{QU'T)f 

where the parameters 9i, . . . , 02g-3 and the constants vi, ■ ■ ■ i'2q-3 are analogous to the same quan- 
tities as in Lemma 13.3, with vi depending only on n, q, a, upo and for j £ {2,3, . . . ,2q — 3}, vj 
depending only on n, q, a, 6i, . . . , 9j-i,iipQ. By choosing 9i,02, ■ ■ ■ , ^2q-3 in that order, depending 
only on n, q, a and ppQ, to ensure that VjO"^- < ^Oj" and < for each _7 = 1, 2, . . . , 2g — 3, 

we deduce that under the hypotheses of the modified lemma, 

for some j € {1,2, . . . ,2q — 3}, C G Cg and an orthogonal rotation F of R"+^. In view of the 
Remark preceding Theorem 18.1, the iterative application of this as in Lemma 14.1 gives the 
analog of Lemma 14.1; arguing as in Corollary 14.2 then establishes Case 2, completing the proof 
that B* is a proper blow-up class. 

(x) In view of (i) and (18.6), the argument of Section 15 carries over to yield Theorem 18.2 for 
q > 2, subject to the induction hypotheses as in (vi). Theorem 18.3 when 0(||C||,O) = q + 1/2 
and 6 (C 1 1,0) = q + 1 then follow, again subject to the induction hypotheses as in (vi), from 
the argument, with obvious modifications, of Section 16; note in particular that in view of the 
"monotonicity inequality" (18.5) needed in the proof, and the need to use directly the first variation 
inequality {S* 1) in establishing regularity of blow-ups as in Theorem 16.6, we must take 

/ \ 1/2 

StriC,a)= [ dist2(X,spt||C)||)d||r/o,.#y||(X) + (72-' I 

in place of the excess £ used in Section 16 (see Lemma 16.7). Same modification applies to the 
excess Q used in Lemma 16.8. 

Step 3: In view of Step 1, Step 2 and the fact that Allard's integral varifold compactness theorem 
([A1172], Theorem 6.4) holds in Riemannian manifolds. Theorem 18.1 follows from the argument of 
Theorem 3.1 in Section 17. 



19. A VARIFOLD MAXIMUM PRINCIPLE 



We conclude this paper by pointing out an immediate application of Theorem 18.1, namely, the 
following optimal strong maximum principle for co-dimension 1 stationary integral varifolds: 
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Theorem 19.1. Let N he a smooth (n + \)- dimensional Riemannian manifold. 

(a) IfVi, V2 are stationary integral varifolds of N such that 

?t:"-^(spt||i^i|| nsptllVall) = 0, 

then spt ||Vi|| n spt IIV2II = 0. 

(b) Let r^i, ^2 be open subsets of N with ili C cind Mj = dfli, i = 1,2. Lf for i = 1,2, Mi 
is connected, 

H"-^ (sing Mi) = and 
\Mi\ is stationary in N, then either 

Ml = M2 or Ml n M2 = 0. 

Here singMj = Mj \regMj, where reg Mj is the set of points X G Mj with the property 
that there exists a number a = a{X) > such that Mi n B'^^^{X) is a smooth, properly 
embedded hypersurface of B'^'^^{X) with no boundary in 

Remark: These results were established by T. Ilmanen ([Ilm96]) under the stronger hypotheses 
that 

(sptllFill nsptllFall) = 

in part (a) and 

7^"-2 (sing Mj) = 0, i = l,2, 
in part (b). Obvious examples show that for any 7 > 0, neither of these hypotheses can be weakened 
to (.) = 0. 

Proof. The argument of [Ilm96] carries over, with (2) of [Ilm96] replaced by the hypothesis 

(singM) = 

and Theorems (8), (9) therein replaced by our Theorem 18.1. □ 
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